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Abstract 

This paper concerns the subcritical gKdV equations 

d t u + d x (dlu + u p )=0 (0.1) 

for p — 2, 3 and 4. We mainly focus on the nonintegrable case p = 4. In [23], we will 
extend the main results to more general nonlincaritics with stable traveling waves. 

Equation (|0.1|l is known to have special solutions of the type u(t, x) = Q CQ (x— xq — cot), 
called solitons. The general problem is the following: one knows the existence of solutions 
of the equation which behave as t — > — oo like 

u{t,x) = Q ci {x—x\—c\t) + Q C2 (x-X2-c 2 t) + 7](t, x), (0.2) 

where c\ > c-i and rj(t) is a dispersion term small in the energy space H 1 with respect 
to Q Cl , Q C2 (see [2H], [II])- From the Physics point of view, the two solitons Q Cl and 
Q C2 have collide at some time t^. Can one understand the collision and determine what 
happens after the collision? In nonlinear analysis, except for some completely integrable 
equations, these questions are completely open. 

In this paper, we introduce a new framework to understand these problems for (|0.1[) 
in the case c 2 <C c\ (or equivalently, HQcallff 1 "C \\Q Cl Wh 1 ) and ||ry(t)||iyi <C ||Q C2 ||hi, for i 
close to — oo. The understanding of the collision region is based on explicit computations, 
in particular on the introduction of a new nonlinear "basis" which allows us to write 
and compute the solution up to any order of size. After the collision, i.e. for t — > +oo, 
computation in this basis is not valid anymore and we rely on analysis in the original 
space variable using refined asymptotic techniques from [2S], [21] and [2"3"] . 

First, this approach allows us to describe for all time solutions satisfying (|0.2p for t 
close to — oo. In particular, we prove that the two solitons survive the collision up to a 
correction of lower order, i.e. for all t large, we have 

u(t,x) = Q dl {x- yi (t)) + Q d2 (x~y 2 (t)) +fj(t,x), (0.3) 
*This research was supported in part by the Agence Nationale de la Recherche (ANR ONDENONLIN). 



1 



where c\ ~ c\, £2 ~ C2 and ||?7(t)||^fi -C ||Qc 2 ll/f 1 ■ From the explicit decomposition in 
the interaction region, we can describe precisely the collision, in particular, we are able 
to compute explicitly the main orders of the resulting shifts on the solitons. 

For p = 2, 3, we check that our approach matches at the main orders classical results 
based on the inverse scattering transform. 

For p = 4, this description is completely new and we point out the following surprizing 
points: (a) the slower soliton survives the collision and is not destroyed; (b) the shifts Ai 
and A2 on Q Cl and Q C2 are explicit. In particular, the shift on Q Cl is negative and tends 
to —00 as C2/C1 — ► 0, which is in contrast with the integrable cases. 

Second, our analysis in the nonintegrable case p — 4 proves that for a solution which 
is asymptotically a pure 2-soliton solution at —00, i.e. ||?7(i)|| ff i — > as t — ► —00 in (|0.2|) . 
a nonzero part of the energy transfers into dispersion during the collison, which means 
that in (|0.3[) . ||?7(i)||iji ~ 8 C > 0, for t large. Therefore no pure 2-soliton solution exists 
in this regime {o% <C c\). This is clearly in contrast with the integrable case for which 
explicit multi-soliton solutions exist. 

Nevertheless, we are able to exhibit new exceptional solutions for p — 4: we prove that 
for all ci, C2 > 0, C2 <C c±, for all yi, 2/2, there exists a solution (p(t) such that 

<p(t,x) = Q ci (x—y\—c\t + 5A1) + Q C2 { x -y2-C2t + ^A 2 ) + r)(t,x), for t < -1, 

tp(t,x) = Qci(x—yi-cit - |Ai) + Q C2 { x -y2-c 2 t - iA 2 ) + T](t, x), for t > 1, 

where converges to around the solitons as t -> ±00. These solutions are natural 
extensions in the nonintegrable case of the multi-solitons for the integrable case. 



1 Introduction 

We consider the generalized Korteweg-de Vries (gKdV) equations: 

d t u + d x {d 2 x u + u p ) = 0, x,t£R, (1.1) 

in the subcritical case, i.e. for p = 2, 3 or 4. Our main results concern the nonintegrable case 
p = 4. An extension to the case of a general nonlinearity f(u) for which the traveling waves 
are stable is considered in [26] . 

It is well-known that the Cauchy problem for equation (jl.ip is globally well-posed in the 
energy space H (R) (see Kenig, Ponce and Vega [IH]): for any uq £ if 1 (]R), there exists a 
unique solution u(t) G C(R, // 1 (IR)) of (|l.ip with u(0) = no, uniformly bounded in (M). 
Moreover, the following quantities are conserved (if they are well-defined): 

J u(t) = J u(0), | « 2 (t) = I u 2 (0), (1.2) 

S(u(t)) = i J ul(t) - — j-j- y ^ +1 (i) = 5/ «2(0) - ^ +1 (0). (1.3) 

Recall that for p = 2, 3, 4, global well posedness follows from local well posedness, (|1.2p - (|1.3p 

p+3 p— 1 

and the Gagliardo-Nirenberg inequality: \/v G i? , J |v| p+1 < C (f v 2 ) 4 (J* f 2 ) 4 . 

Recall also that there exist explicit traveling wave solutions of (|l.ip . Denote by Q the 
unique even solution of 

Q>0, Q" + QP = Q, QeH\R) i.e. Q(x) = ( 2cos ^^i ^ ) ' ( L4 ) 
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and, for any c > 0, let 

Q c (x) = c^Qi^/cx) be solution of Q" + Q p c = cQ c . (1.5) 

Then, for any xq £ K, c > 0, the functions R c ,x (t, x) = Q c (x — xo — ct) are solutions of 
called solitons. These solutions have been intensively studied especially in the integrable 
cases, i.e. p = 2 and p = 3 in equation (|1.1|) . 



1.1 Known results on soliton and multi-soliton solutions 



a. Integrable case p = 2,3: N-solitons for the KdV and mKdV equations. 

Pioneering works of Fermi, Pasta and Ulam [10] and Zabusky and Kruskal [H] have 
exhibited from the numerical point of view remarkable phenomena related to soliton collision. 
Then, Lax ([H]) has developed a mathematical framework to study these problems, known 
now as complete integrability. Many other developements appeared, such as the inverse 
scattering transform (for a review on this theory, we refer for example to Miura [29J). 

This nonlinear transformation led to one of the most striking property of the KdV and 
mKdV equations which is the existence of pure 7V-soliton solutions (Hirota [33]). Namely, 
let p = 2 or p = 3, and let ci > ... > cn > 0, 6i, . . . , Spj E K. There exists an explicit 
multi-soliton solution U(t,x) of (11. ip that satisfies 



A' 



U(t, x) - y~] Q Cj (. - Cjt - 5j 



0, 



H 1 



N 



U(t,x)-Y J Qc ] {--c j t-5' J \ 

3=1 



0, 



H 1 



for some 8'j such that the shifts Aj = 5j — 6j depends on the (c&). Recall that explicit 
formulas for such solutions were derived using the inverse scattering transform. For example, 
the following function Ui tC , solution of (|1,1|) with p = 2, is a 2-soliton solution (0 < c < 1): 
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U hc (t,x) = 6^2log(l + e :E -' + e 



y/c(x—ct) 



+ ae x - l e^ x - ct) ) with 



a 



1-y/c 
1 + 



(1.6) 



The iV-solitons are fundamental in studying the properties of general solutions of the KdV 
equation because of the following (Kruskal [16], Eckhaus and Schuur [9], [33], Cohen [5]): 

Decomposition property (|9j, |33j, [5j) Letu(t) be a solution of (jl.ip withp = 2. Suppose 
thatu(0) e C 4 (M) satisfies for k e {0,...,4}, Vx G R, \(d k u/dx k )(0,x)\ < C/(l + |rr| 10 ). Then, 
there exist N £ N, x\, . . . , xn and c\ > . . . > cjy > such that for all x > 0, 



u(t, x) 



N 

E 

3=1 



Qcj {x 



Cjt) 



as t — > +oo. 



This result means that the asymptotic behavior in large time of any sufficiently regular 
and decaying solution is governed by a finite number of solitons. 

b. PDE results for the subcritical generalized KdV equations (p = 2, 3, 4). 
First, we recall the following well-known orbital stability result. 

Stability of soliton for the gKdV equation ([1], [2], g], [39]) Let 1 < p < 5. Let u(t) 
be an H 1 solution of the gKdV equation (jl.ip . For all e > 0, there exists 5 > 0, such that if 
\\u(0) — QWh 1 ^ 8> then for all t £ M, there exists p(t), such that \\u(t) — Q(. — p(t))\\ H i^ < e. 
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By invariance by scaling and translation of the gKdV equation, the result is the same for 
Qc (x — xq), for any cq > 0, xq E R. The proof of this result only relies on the conservation 
laws (ll.2p - (ll.3p . and the variational characterization of Q(x) (see |4], [39J). 

The family of solitons (R c ^ XQ (t, x)) is actually asymptotically stable, for equation (|1,1|) in 
the subcritical case: p = 2, 3 or 4. 

Asymptotic stability for the gKdV equation (|21j, |23j) Let u(t) be an H l solution 
of (CUP- There exists a > such that if \\u(0) — QWh 1 — a i then there exist c + with 
|c + — 1| = 0(a) and a C 1 function p : [0, +oo) — > R smc/i that 

w(t,x) = u(t,x) — Q c +{x — p(t)) satisfies ^ lim. \\w{t)\\H^( x >^-t) = (1-7) 

Moreover, lim^ +00 (i) = c + . 

This result means that by taking a small enough, we know the behavior of u(t) as t — > +oo 
in the space time region x > j^t (in fact the result can be extended to the region x > (3t, 
for any j3 > 0, for a small). This region of convergence is in some some sharp since there 
exist solutions which behave asymptotically as t — ► +oo as Q[x — t) + Q c (x — ct), where 
c > is arbitrarily small. Note that the above theorem, proved only for p = 2, 3 and 4 in 
[21], [23] also holds for (jl.ip with a general nonlinearity f(u), see [20], [23]. The stability 
and asymptotic stability results above can be extended to the sum of N solitons (and then 
to multi-solitons), when the various solitons are decoupled, see [28]. Moreover, assuming 
J x>0 x 2 u 2 < +oo implies that limt_ >+00 (/9(t) — c + t) exists (see [25J and Section 4.2). 

Let us introduce the notion of asymptotic iV-soliton solutions and pure iV-soliton solution. 



Definition 1 1. A solution u(t) of (jl.ip is an asymptotic iV-soliton solution at — oo if there 
exist cj~ > . . . > cjj- > and x^[(t), . . . , xjj(t) such that 



N 



lim 



U 



(*)-E^(--*7(*)) 

3=1 



H 1 



(1- 



2. A solution u(t) of (|1.1|) is an asymptotic A^-soliton solution at +oo if there exist c^ > 



> > and x~[(t), . . . ,x^(t) such that lim t ^ +00 u(t) - J2f=i Q c + (- ~ x t( t )) 



H 1 



0. 



3. An H 1 solution u(t) of ([TT} is a pure ^-soliton solution ifu(t) is an asymptotic N-soliton 
solution at both +oo and — oo. 

We recall the following existence result. 

Asymptotic iV-soliton solutions for the gKdV equation ([19|) Let p = 2, 3 or 4. Let 

N > 1, c\ > . . . > cjv > 0, and x\, . . . , xn € R. There exists a unique H 1 solution U of / TO) 
such that 



N 



lim 

t^— oo 



U{t)-J2Qc j {--Xj-Cj t ) 

3=1 



0. 



(1.9) 



See Proposition 15.11 for more properties on U(t). A similar statement holds true as t 
+oo, since equation (jl.ip is invariant under the transformation x — ► —x, t — ► — t. 
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This result means that there exist asymptotic iV-soliton solutions at — oo for p = 4, 
similarly as in the integrable cases p = 2,3. However, for p = 4, no information is known 
concerning the collision phenomenon or the behavior as t — > +oo for such solutions. 

Recent works have completed the above asymptotic results. Cote [B], [7] has proved, for 
p = 4, 5, the existence of solutions satisfying 



A' 



lim 

t— >+oo 



u{t,x) -^Q c 



Cjt 



Xj ) - W(t)v 



H 1 



0. 



where W(i) is the linear Airy group and vq is a given function with suitable properties. 

Tao [35j has established a well-posedness and scattering result (small data) for (jl.ip with 
p = 4 in the critical space iif -1 / 6 (IR). As a corollary of the estimates in [35J and of the 
asymptotic stability result above, it is proved that if uq is close to Q in H~ l / & n H 1 , then 
there exists vq 6 H~ l / & n H l such that 



lim 



u(t, x) - Q c + (x - x(t)) - W(t)v 



H 1 



0. 



1.2 Motivation of the problem 

We consider in this paper the problem of collision of two solitary waves. 

In the integrable case p = 2,3, the explicit 2-soliton solutions give a precise description of 
this phenomenon, and allow calculations of the interaction effects such as the resulting shifts 
on the solitons after the collision. 

In the nonintegrable situation, the collision problem is an open question since the 70's. 
Recall that PDE theory was first related to existence and stability properties of solitary waves. 
More recently, the focus has been put on trying to understand interaction between solitary 
waves and dispersion. Finally, the results presented above are asymptotic results for large 
time, without description of the collision of solitons. 

The problem of describing the collison of two traveling waves is a general problem for 
nonlinear PDEs, which is completely open, except in some integrable situations where explicit 
formulas are known. It is the simplest case of interaction between two nonlinear dynamics. If 
one conjectures that any general solution (under suitable assumptions) decomposes as time 
goes to +oo as a sum of decoupled solitons and a dispersive part, as in the integrable case, a 
natural question is to try to relate the decomposition as t — > +oo to the one as t — > — oo by 
understanding the interaction of the different parts of the solution. 

Apart from integrability theory, this kind of problems have been studied since the 60's 
from both experimental and numerical points of view. 

First, Fermi, Pasta and Ulam |10| . Zabusky and Kruskal [H] and Zabusky [ID] have 
introduced nonlinear systems and computed interaction of nonlinear objects by numerics. 
Later, the theory of integrability justified these numerics as explained above. Since then, 
many other systems have been studied numerically. 

There is also an extensive literature devoted to experiments on water tanks. A key question 
is whether or not the collision between two solitary waves is elastic (equivalently, whether the 
collision is pure or generates dispersion). From experiments related to wave propagation in 
shalow water (see Weidman and Maxworthy |37j . Hammack et al. [11], Craig et al. [8]), it 
seems that collisions are inelastic but very close to be elastic, for solitary waves of different 
amplitude. 
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We recall some numerical works for equations of gKdV type. Bona et al. [3], and Kalisch 
and Bona [14] ; studied numerically the problem of collision of two solitary waves for the 
Benjamin and the BBM equations. Shih [3l] studied the case of the gKdV equation (II. ip 
with some half-integer values of p. Li and Sattinger [T"""] investigated the collision problem 
for the case of the Ion Acoustic Plasma equation, and Craig et al. [8] report on numerics for 
the Euler equation with free surface. In all these works, the numerics match the experiments 
and show that, unlike for the pure solitons of the integrable case, the collision of two solitary 
waves fails to be elastic by a very small dispersion (difficult to see numerically). 

Let us now review some more recent mathematical results related to these problems. 
First, Haragus and Sattinger [12] have studied perturbation of the KdV equation around the 
explicit iV-soliton solutions, in particular the invertibility of the linearized operator around 
these solutions. Second, Mizumachi [30J for equation (|1.1|) with p = 4, has treated the case 
of two solitons with close sizes, in a situation of repulsive interaction without collision (using 
scattering techniques). Finally, the multi-soliton solutions of the NLS (nonlinear Schrodinger) 
model, with special nonlinearity and under spectral assumptions (ruling out the existence of 
small solitary waves) have been studied by Perelman [31] and Rodnianski, Schlag and Soffer 
[3*2"] . Using Galilean invariance, speeds and sizes are independent (in particular, high speed is 
possible for size one solitary waves). Thus, one can consider the case where the collision has 
a negligeable effect on the solitary waves due to a very small time of interaction. In all these 
works, the interaction of two nonlinear objects in a non perturbative case is not considered. 
In addition, up to now, no example of inelastic collision is known rigorously. 

1.3 Main results 

Our main results in this paper concern the problem of collision of two solitons for (jl.ip in 
the (nonintegrable) case p = 4. We consider the situation where one soliton, Q C1 is supposed 
to be large with respect to the other one, Q C2 ; thus we assume c = c%jc\ -C 1. This is not a 
perturbative setting, related to the integrable case or to a linearized equation. In addition, 
the techniques of this paper can be applied in a general context for (jl.ip . p = 2, 3, 4 or with a 
general nonlinearity f(u) (see [!""""])■ In this situation, we are able to compute the interaction 
term during the collision up to any order of c, which allows us to describe very precisely the 
collision phenomenon. 

First, this approach allows us to prove that for p = 4, there does not exist pure 2-soliton 
solutions in the regime C2 -C c\\ an asymptotic 2-soliton solution at — oo cannot be an 
asymptotic 2-soliton solution at +oo. 

Theorem 1.1 (Non existence of a pure 2-soliton solution for p = 4) Let c\ > C2 > 0. 

There exists €q > such that if c = ^ < eq, then there exists no pure 2-soliton solution with 
speeds c%, c% at —oo. 

More precisely, let , x^ € M, and let u(t) be the unique H l solution of (jl.ip such that 
lim \\u(t) - Q c ,(. - x7 - cit) - Q C2 (. - x% - c 2 t)\\ H i = 0. 

t — * — oo 

Then, there exist xf,X2, > cf > and Tq,K > such that 

w + (t,x) =u(t,x) — Q c + (x — x+ — eft) — Q c + (x — x\ — c^t) 
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satisfies 

nrnJ W +(t)\\m (x> ^ C2t )=0, (1.10) 

i 17 cT 11 i 8 &t 1 

jUir < -L - 1< Ken, ics < 1- < Kc3, (1.11) 

icf ci < ||5^ + (t)|| i2 +^|| U ; + (t)|| L2 < i^cpcs, / or t > T . (1.12) 

Theorem 11.11 confirms the common belief that the existence of pure 2-soliton solutions, in 
particular, the elactic collision between two solitons, is a property which is specific to inte- 
grable models. However, we observe that the 2-soliton structure persists, in the sense that 
the slow soliton is not destroyed by the collision, and remains approximately of the same size 
as t — > +oo (see also Remark 2 after the statement of Theorem ll.2p . 

Note that the size of w + (t) measures the distance of the solution at +oo to a pure 2-soliton 
solution. The bound below in (j!.12[) is thus a qualitative version of nonexistence of a pure 
2-soliton solution. As a corollary of the proof, asymptotically in time^ the minimal distance 
of any solution to a pure 2 soliton solution at +oo or at — oo is Kcm at ±oo, in the same 
sense as in (I1.12p . We also see from (II. lip how the speeds and the sizes of Q C1 and Q C2 are 
altered through the collision, the fast soliton accerelates while the slow soliton slows down. 

Note that this is the first rigorous result describing a property of inelastic (but almost 
elastic) collision, and thus a first illustration of nonintegrability of the equation from the 
dynamics of the solitary waves. 

Remark 1. Using the invariant J u(t) of equation (jl.ip in the framework of Theorem ll.R 
one proves that w + (t) has to contain some dispersive part as t — ► +oo, in the sense that it 
does not converge to a pure sum of small solitons, i.e. u(t) is not an asymptotic iV-soliton 
solution at +oo, for any N > 1 (see end of section 5.1). See also Remark 2 (4). 

In spite of the nonexistence result above, we prove for p = 4 the existence of exceptional 
solutions related to the 2-soliton structure. These solutions are the illustration of the persis- 
tence of the two solitons structure through the collision, and provide a sharp description of 
the collision (conservation of the speeds and explicit shifts). This is a surprizing result for a 
nonintegrable equation. 



Theorem 1.2 (Existence of 2-soliton like solutions for p = 4) Let c\ > c 2 > 0. There 
exists eo > such that if c = ^ < eo, then there exist an H 1 solution <p(t) of (11.11) . Ai, A2 £ 
R, satisfying, for all t,i£R, 

tp(-t, -x) = ip(t,x), (1.13) 
and such that the following holds for (t) : 

w~(t,x) = f(t,x) - Q Cx (x - c\t + |Ai) - Q C2 (x - c 2 t + 5A2), 
w + (t,x) = ip(t,x) - Q Cl (x - cit - ±Ai) - Q C2 (x - c 2 t - 5A2), 
1. Asymptotic behavior at ±00 

t \imJw-(t)\\ Hl{x<t) =0, KmJw+(t)\\ Hl[x> ^ ) = 0, (L14 ) 

where the shifts Ai, A2 satisfy Ai < 0, A2 < and 



+ 



c^A ( 1(/Q) K) 



2 

<Kc^. (1.15) 
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2. Distance to the sum of two solitons : there exists Tq > such that, 

±cf cii < \\d x w + {t)\\ L 2 +^cTc\\w + {t)\\ L 2 < Kcfc^, forallt>T . (1-16) 

Remark 2. 1. From the stability result of one soliton (variational argument), it follows 
immediately that the soliton Q Cl is preserved up to a certain order through the collision by 
a slow soliton Q C2 . What is quite surprizing, and very similar to the integrable situation, is 
the fact that the second soliton, which is small, is also preserved by the collision (dynamical 
argument). One could have expected the small soliton to be destroyed by such a collision. 

Moreover, the solutions constructed in Theorem [L2] describe very precisely the effect of the 
collision on the two solitons, since the speeds at ±oo are the same and since we have explicit 
formulas for the main order of the shifts on Q Cl and Q C2 . From the proof of Theorem 11.21 
the shifts are a consequence of the collision and are observed in the relatively short period of 
time around t = 0. 

Concerning the shifts, we point out two main differences with the integrable cases: 

- The shift Ai on Q Cl and the shift A2 on Q C2 are both negative. 

- The shift Ai — > —00 as c = c 2 /c\ — > 0, which means that the effect of the soliton Q C2 
on the trajectory of Q Cl becomes larger when C2/C1 is smaller (note also that in this case the 
period of interaction is larger since the support of Q C2 becomes larger). 

Both are new remarkable properties of the collision of two solitons for p = 4. 

2. First note that by the symmetry property of <p(t) (see fjl . 131) ) . a statement similar to 
(|1.16p for w~ holds as t — > —00. Now, let w PltP2 {t) = ip{t) — Q Cl (- — Pi) — Qc 2 (- ~ P2), then 
from the proof of Theorem 11.21 we also have 



7_ 

^ Cl 12 ci5 < inf A\\d x w pX)P2 (t)\\ L 2 + yfcJc\\wp^ p2 (t)\\ L 2} <Kcl 2 c^, for \t\ large, (1.17) 

Pi,P26M 

inf {\\d x w PuP2 (t)\\ L 2 + ^\\w p ^ P2 (t)\\ L 2}<Kc^c^ for allteR. (1.18) 

P1.P26R 

Estimate (|1.18|) is sharp, indeed, at t = 0, we have 

l. 1 

inf {\\d x w PUP2 (0)\\ L 2+^\\w PUP2 {0)\\ L 2}>K lC l 2 c3. 

P1,P2SR 

For p = 4, ||<5c||l 2 = cTi \\Q\\l 2 i this is to compare with (jl. 17j) - (jl.l6[) giving sharp estimates 
of the distance of (p(t) to the sum of two solitons. 

3. By time and translation invariances, for all x\,X2 £ M, one derives from Theorem 11.21 
the existence of a solution ^ Xl ,x 2 such that 

lim \\<fx 1 ,x 2 {t) ~ QcA- ~ c i* ~x\ + iAi) - Q C2 {. - c 2 t - x 2 + \^ 2 )\\ m( = 0, 

t^ — OO n \x^- 10 I 

lim ||(Ac lr r 2 (i) - Q C1 (- ~ c\t -xi- |Ai) - Q C2 {. - c 2 t - x 2 - iA 2 )||„w = 0. 

Moreover, there exist an infinite number of solutions ip(t) satisfying the conclusions of Theo- 
rem [L2] for given c\ > c 2 > 0, x±, x 2 . Indeed, it is enough to perturb the initial data </?(0) in 
a suitable way to obtain a solution with similar properties (see proof of Theorem 1 1.2 p . Note 
finally that the solution ip(t) which we have constructed belongs to H s for all s > 0. 
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4. Remark 1 also applies to the solution ip(t) constructed in Theorem 11.21 i.e. (p(t) has 
some dispersive part as t — > dboo. Using Tao |35j (specific for p = 4), we should obtain some 

3 

more information on the solution since y(0) £ Indeed, tp(t) is conjectured to satisfy, 

for some vq E H 1 , 



lim ||^(i) - Q C1 (. - at + |Ai) - Q C2 (. - c 2 t + ±A 2 ) - W(t)u ||#i = 0, 

t— >— oo 

lim \\<p(t) - Q C1 (. - cit - |Ai) - Q C2 (. - c 2 t - ±A 2 ) - W(t)v \\ H i = 0, 



(1.19) 



where K\c^c^ < \\d x vo\\ L 2 + yjc\c ||uo||l 2 — K^c^c^. 

We conjecture that there exists a universal t>o, minimizer of a certain functional related to 
energy quantities (for example f (d x vo) 2 + c\c J v 2 ). This function vq should have additional 
special properties, such as smoothness and exponential decay in space. 

5. Precise information concerning the solution <p(t) at t = can be obtained from the 
proof of Theorem 11.21 See in particular Theorem 12.11 

Finally, the behavior of such solutions is proved to be stable in H 1 , which means that if 
a solution u(t) of is close at t = to the solution ip constructed above, then u(t) has a 
2-soliton structure for all time. 

Theorem 1.3 (Stability of the 2-soliton structure for p = 4) Let c\ > c 2 > 0. As- 
sume that c = ^ < eo is small enough and let ip(t) be constructed in Theorem \1. 6 A Let u(t) 
be an H 1 solution of (jl.ip such that for some 5 > 0, 

\\d x u(0) - <9^(0)|| L 2 + y^IKO) - <p(Q)\\ L 2 < cfc s+ T2. 
Then, there exist pi(t), p 2 (i) € R and cf, cf > such that 

1. Global in time stability, w(t,x) = u(t,x) — Q Cl (x — pi(t)) — Q C2 ( X ~ P2(t)) satisfies 

WdMWv + y/S[\\w(t)\\v < Kcf 2 {c 5+ T2 + d), for all t 6 R, 

2. Asymptotic stability 

lim \\u(t) - Q (. - Pl (t)) - Q (. - P2(t))\\ HHx< sil ) = 0, 
lim - Q +(. - pi(t)) - Qc 2 +(- ~ p2(t))\\ H1( ^ = 0, 



i-i 

Cl 



f£-i 

c 2 



< i<:(c 5 + ci). 



Remark 3. Theorem 11.31 shows that the various properties exhibited in Theorem 11.21 are 
stable by perturbation of the initial data (during and after the collision). This constructs in 
particular a large set of initial data having globally in time a 2-soliton structure (as for the 
integrable case). The stability property can also be proved assuming u(Tq) close to <p(Tq) for 
some To (see proof of Theorem II. 3|) . 

The paper is organized as follows. Section 2 is devoted to the collision region. We introduce 
a new method allowing to compute a function v(t) describing the collision which is a solution 
up to any order of ^. This part is mostly algebraic. 
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Section 3 is concerned with the recomposition of v(t) after the collision. We mainly focus 
on the case p = 4. For p = 2, we only compare at the main orders the function v(t) to the 
explicit 2-soliton solutions. The same could be done for p = 3, but this case is omitted. 

In Section 4 we present some analysis tool necessary to relate the function v(t) to exact 
solutions of the equation. This part mainly recalls asymptotic results from [25j . which are 
refinements and generalizations of results in [21], [28] and [23j . 

Section 5 is devoted to the proofs of the main results, i.e. Theorems 1 1 . 1\ [L2l and [L3l 

2 Construction of an approximate 2-soliton of the gKdV eq. 

In the proof of the main results (Theorems 1, 2 and 3), we restrict ourselves to the case c\ = 1, 
C2 = c small by a scaling argument. Therefore, in this section, we concentrate on this case. 
Let p = 2, 3, 4 and define 

T c = c~5~tso and q = — -. (2.1) 

H p- 1 4 K ' 

In this section, for any no £ N, for < c < cq small enough, we construct a function 
v n (t,x) = v(t,x) which satisfies the following two properties. 

• v(t, x — t) is a solution of the gKdV equation (II. ip on [— T C ,T C ] up to an error term of 
polynomial order c n , 

Vt€[-T c ,r c ], \\d t v + d x (d 2 x v-v + v p )\\m(R) <K(n)c n . 

• v(—T c ) and v(+T c ) are at the main order the sum to two solitons Q and Q c respectively 
before and after their collision. 

The function v(t) is the new fundamental object of this paper. Its existence and properties 
will lead to the main results stated in the Introduction. 

Our approach is to consider c as a small parameter and look for such a function v in terms 
of expansions in powers of c, both in the functions and the space variables. More precisely, 
the construction of the function v (t, x) is related to the method of separation of variables: 
the variable y of the large soliton Q(y) is separated from the variable y c of the small soliton 

Qc(y c )- 

First, we set 

y c = x + (1 - c)t and R c (t, x) = Q c (y c ); 

note that R c (t) is then solution of dtR c + d x (d^R c — R c + Rc) = 0. 
We look for a function v(t, x) having the structure 

v(t,x) = Q(y) + Q c (y c ) + W(t,x). (2.2) 

We choose the function W and the variable y under the form of series. Let ko > 1, £q > 
and define 

S = {(k,£), l<k<k , 0<£< £ }. 
For real unknown parameters (afc,^)(fc/)e£ > we cons ider the variable y of the form 
y = x — a(y c ) = x — a[x + (1 — c)t) and R(t, x) = Q(y), 
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where 

a(s)= f f3(s')ds', and (3(s) = a k/ c e Q k (s). (2.3) 

(M)e£ 

The form of W is 

W(t,s) = ^ (Q*(y c )A M (y) + (Q k )'(y c )B k/ (y)) , (2.4) 

(fc/)6S 

where the functions A ki t, B k ^, as the parameters are yet undetermined. Note that 

the functions c l Q k and c i (Q k )' used to define the series play the role of a set of nonlinear 
eigenfunctions for the interaction problem. Thus, the structure of W will allow us to compute 
the interaction terms at any order of power of c. Moreover, choosing the variable y as above 
will allow us to understand the effect of the soliton Q c on the position of Q, that is, the shift 
phenomenon which appears through the interaction of two solitons. 

Theorem 2.1 (Construction of an approximate solution of the gKdV equation) 

Let p = 2, 3 or 4. For all k > 1, £ > 0, there exist a^i E R and C°° functions A k £, 
Bf~i ■ R — ► R such that, for any < c < 1, for any ko > 1 and for any £$ > 0, the function 
v(t) defined by 

v(t, x) = Q{y) + Q c {y c ) + ]T c e (Q k c {y c )A k/ {y) + (Q k )' {y c )B k/ {y)) (2.5) 

(M)e£ 

where y c = x + (1— c)i, y = x — a(y c ) and a(s) = Yl(k ^)es °M c ^ Jo Qc( s ')ds', satisfies 

1. The function v(t,x — t) is an approximate solution: S(t) defined by 

S(t, x) = d t v + d x (d 2 x v -v + v p ) (2.6) 

satisfies, for all j > 0, 

Vt E [-T C ,T C ], \\d^S(t)\\ L , m < Kc n \ (2.7) 
where n = (| - min 1 + £ ) and K = K(j,k ,£ ) > 0. 

2. The function v(t) belongs to i7 1 (R) for alltGM. and satisfies for K = K(ko,£o) > 

Vt E [~T C ,T C ], \\v(t) - R(t) - Rc(t)\\m(R) < Kc^. (2.8) 
Remark, (a) Size comparison in (|2.8|) . First, note that 

\\Qc\\L*=c q \\Q\\ L 2, \\Q' c \\v=c q+ HQ'\\ L 2 and \\Q C \\ LOO = c«+*\\Q\\ L °o. (2.9) 

Since -jkj = q + |, (|2.8p says that u(t) — — -R c (0 is smaller in H 1 norm than R c (t) by a 
factor c 1 / 4 . Thus, in i? 1 , u(i) = R(t) + -R c (t)+ smaller order terms in c. 

Remark that the L°° norm is not adequate in this framework, indeed, we also have \\v(t) — 

R(t) - R c (t)\\ L oo < K\\v(t) - R(t) - Rc(t)\\ H i < Kc^ < K\\Q c \\ L oo. Moreover, from ([23D 
and from the fact A\$ ^ (see proofs), we have for t ~ 0, \\v(t) — R(t) — R c {t)\\L°° ~ HQcllz, 00 - 
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Observe also that HQcIIl 2 i s smaller than HQcIIl 2 for c small. In all this paper, the norm that 
really matters in the various estimates is the I? norm. 

Note that (|2.8[) is only a first estimate concerning the relation between v and the sum 
of two solitons. This estimate does not take into account the shift of the soliton Q c , and 
thus cannot be sharp. In sections 3 and 4, by recompositing v at t = ±T C , we will prove a 
better estimate for v (t) — Q(y) — Qc(Vc ± A c ), for some A c and for t = ±T C (see Proposition 
13. ID . Estimate (12,7ft is also not optimal, especially for small ko and £q (but no — > +oo as 
koJo -> +°°). 

Note also that ko > 5 and lo > 1 in Theorem 12.11 would be enough to prove the main 
results of this paper. Nevertheless, the result as stated for all ko, lo clearly indicates that 
there is no algebraic obstruction to the complete understanding of the interaction process and 
we expect it to be useful in future works. 

(b) The time interval [— T C ,T C ] contains the interaction region. Since for t = —T c , y <C y c 
and for t = T c , y 3> y c , the interaction of the two solitons Q and Q c takes place in the time 
interval [— T c , T c ]. Moreover, since y c = y+a{y c ) + {l—c)t we have|y c | > (1 — c)|i| — |a(y c )| — |y|. 
Thus, if ^/c < 2, we obtain y/c\y c \ > (l-c)y/c\t\-y/c\a(y c )\ -\\y\, and by neglecting <Jc\a(y c )\, 
we obtain for \t\ > T c , 

< R(t)R c (t) < Kc^e'^ 

which is an exponentially small term when c is small, which says that the interaction between 
Q and Q c is very weak for such t. 

(c) Decomposition of W. The function constructed in Theorem 12.11 is not unique. For 
given ko and lo there exist in fact several such functions v corresponding to the fact that the 
decomposition at t = 0, for example, is not unique. 

We refer to Proposition 12.31 for more properties of the functions A^/ and B^t introduced 
in Theorem 12.11 

Note that choosing ko = £o = +oo in this expression of v would formally give an exact 
solution of the gKdV equation at least for t £ [— T c , T c ]. However, one has to verify that the 
resulting series in (|2.4p converges in some appropriate sense, which is an open problem. 

We give a first interpretation of the function v constructed in Theorem 12.11 

Integrable case (p = 2 and 3) In this case, one of the function v constructed in Theorem 12. II 
coincides at the main orders to the explicit 2-soliton solution. 

Nonintegrable case (j> = 4) In this case, explicit 2-soliton solutions are not known and will 
be proved not to exist later in this paper. The function v is a completely new object. 
Note that this object, up to the order c n °, plays the same role as a 2-soliton solution in 
the collision region. This will allow us to prove the main results of this paper. 

The proof of Theorem 12.11 is organized as follows: 

In Section 2.1, we claim that the decomposition of v{t) is preserved by gKdV equation, 
see Proposition I2.1|) . The main part of the proof of Proposition 12.11 is given in Appendix A. 

In Section 2.2, we derive the systems (£lk,£) to be solved at each rank (k,£). Next, we 
solve a model system (f2) related to (£lk,i)- in particular, we choose a special structure for 
the functions Af.g and Bk £ which follows from the resolution of the model system. 
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Then we solve by induction on (k,£) all the systems (fi^), for 1 < k < ko, < £ < £q. 
This determines (ai-i), (A)-i) and (Bki) for all 1 < k < k$, < £ < £q in the expression of v. 
Thus, at this point the function v(t) is fixed. 

Finally in Section 2.3, we prove some properties of v(t) and to estimate the size of S(t) 
in terms of powers of c. 

For k, k', £, £' G N, we denote 

(k', £') -< (k, £) if k' < k and £' < £ or if k' < k and £' < £. 
We denote by y the set of functions / G C°° (M) such that 

Vj G N, rj > 0, Vx G E, < Kj(l + Hpe" 1 * 1 . 

Note that the set y is stable by sum, multiplication and differentiation. 

2.1 Preservation of the decomposition ( 12. 5ft by the equation 

The motivation for choosing W of the form (|2.4|) is the stability of the family of functions 

{<J*Q* c e (Q k c )', k > 1, £ > 0} (2.10) 

by multiplication and differentiation (see Lemma 12 . 1 [> . A consequence is that the term 
S(t,x) = dfV + d x {d^.v — v + u p ) has the same decomposition as the function v in terms 
of functions ()2.10p . Let Cw = —d%w + w — pQ p w. 

Proposition 2.1 (Decomposition of S(t,x)) Let Kq = (p+l)ko + 12 and Lq = (p+l)£o + 
4. Then, 

S(t, x) = c£ Q k c(vc) [om(- 3 + 2 Q p )'(y) - (£M,i)'(y) 

(M)e£ 

+ E c£ (Qc)'(2/ c )[^/(-3Q")(2/) + (3^ + pQ^ 1 ^) (y) - (£B ktt y(yj 
(M)eE 

+ £ ^ (Q^(y c )F M (y) + (Q c fc )'(y c )G M (2/)) , 

l<fe<ifo 
0<^<L 

where F^ e and G^e are functions defined on R satisfying: 

(i) Dependence property of F and G: For any k,£, the expressions of F^ i and Gk,e depend 
only on (ak',£') and (Ay^i), {By^i) fork', £' such that (k',£') -< (k,£). 

(ii) Parity property of F and G: Let k G {1, . . . , Kq}, £ G {0, . . . , Lq}. Assume that for any 
(k',£') such that {k' ,£') -< (k,£) Ay # is even and By t< is odd, then F^i is odd and G^i 
is even. 

Moreover, 

• If p = 2, then 

-^1,0 = 2Q , Gi t o = 2Q, 

F 2fl = (-Ai, + Al )0 )' - (3B'{ fi + 2QB 1>0 ) - a lj0 (Q + 3^ + 2QA lfi )' + 3al Q^ , 
G 2 ,o = A 1>0 + A? )0 + (-251,0 + Ai fi Bi tQ y - ^(9A' lfi + 3B'{ fi + 2QB lfi )' + \a\ fl Q" . 
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• If P = 4, then 
Fi,o = (4Q 3 )', Gi, = 4Q 3 , 

^2,0 = (6Q 2 (1 + A lfl f)' - a lfi (4Q 3 + 3^ + AQ 3 A lfi )' + 2>a\ fi Q^\ 

G 2 ,o = 6Q 2 (1 + ^!, ) 2 + (6Q 2 Bi,o(l + Ai >0 ))' - ^(9^ lj0 + 3^ + 4Q 3 J B 1 , )' + ^aj fi Q" . 

See Proposition 12.31 Lemma iB.ll and Claim l2~4l for additional properties of F^/ and Gfc^. 

Proof of Proposition \2.1\ A large part of the proof of Proposition 12.11 is given in Appendix 
A. We present here some preliminary results. 

We begin by proving that the family of functions (12.101) is stable by multiplication and 
differentiation. 

Lemma 2.1 (Properties of Q and Q c ) 1. The function Q is even and belongs to y. 

2. For any k G N*, 

QZ = cQ c -QV, (Q' c ) 2 = cQ 2 c -^—Q/ +1 , 

p+1 

{Qk y, = ck 2 Qk _ A:(2fe+p-l) fc+p _ 1; k (3) = ^ k , _ fe(2fe+p-l) , +p _ 1; 
p+1 p+1 

(Qj)< 4 ' = c 2 ifc 4 Qj - o kl2k ^~ 1} {l: 2 + (k + p- l) 2 )Q k +'-l 

3. For any k\, & 2 e N*, 

fel + K 2 P+1 

Proof of Lemma \2.1\ It is clear from (]l,4p that G; is even and belongs to 3^- From the 
equation of Q c , i.e. Q" c = cQ c — Qc, we easily get the second equation by multiplying by Q' c 
and integrating over (— oo,x). 
Next, we have 

(Q k c )" = HQt'Q'c)' = *((*- i)Qt 2 (Q' c ) 2 + Q k c ~ x Qc 

V p+ i / * p+i 

From this we immediately obtain the expression of (Q^) (3) - Next, we have 

(Q*) (4) = ck\Q k c )" - k(2k p + + P ~ l) {Q k c +p - 1 )" 
= ck 2 (ck 2 Q k c - M2fc+P-1) fc+p _! 

V ^ c p+i 

k(2k+ P -l) ( ^^YQh+p-l _ (A;+p _ 1) 2fc + 3 P- 3 Qfe+2 P -2 > 



p+i V v 'p+i 



14 



The rest of the proof follows. 

Let now us give a preliminary decomposition of S(t). We insert v = R + R c + W into 
S(t,x), and rearrange terms: 

S(t,x) = d t v + d x (d 2 x v-v + vP) 

= d t (R + R c + W) + d x (8l(R + R C + W)-(R + R C + W) + (R + R C + W) p ) 
= d t R + d x (d 2 x R -R + R p )+ d t R c + d x (d 2 R c - R c + R p c ) 
+ d x {(R + R c f-R p -R p ) 

+ 3 t W + d x (8 2 x W -W + (R + R C + W) P -(R + R c ) p ). 
By the equation of Q c (Q" c = cQ c — Q p ) and y c = x + (1 — c)t, it is straightforward that 

8 t R c + d x (d 2 x R c -R c + R p ) = ((1 - c)Q c + Q" c - Q c + Q p )'{y c ) = 0. (2.11) 

Set 

Cw = -d 2 w + w -pQ^w, Cw = -d 2 x w + w-pR p ~ 1 w. (2.12) 
We decompose S(t,x) as follows: 

S(t,x) =1 + 11 + 111 + IV, (2.13) 

where I, II, III and IV are respectively: 

- Contribution of terms containing only R: I = dtR + d x (d 2 R — R + R p ); 

- Nonlinear interaction terms between R and R c : II = d x {{R + R c ) p — RP — Rc)', 

- Linear terms in W: III = d t W — d x (CW); 

- Higher order terms in W: IV = d x ((R + R c + T^) p - (i? + i? c ) p - pR p ~ l W). 

The expansion of I, II, III and IV is given in Appendix A, and allows to finish the proof 
of Proposition 12.11 



2.2 Resolution of the systems {Q, 



kl 



From Proposition |2.1| we observe that if for any < k < k^, < £ < £o, (a^ i, A^^, B^, 
satisfies the following system 



(0 



k.n 



(CA k/ )' + a M (3Q - 2Q P )' = F k/ 

(CB k/ )' + a k/ (3Q") - ?>A" kl -pQ p - x A Kl = G M , 



then S(t, x) contains only terms of the form c e Q^ or c^(Q^)' with k > ko + 1 or £ > £q + 1. 
This observation leads us to consider the model system 



(0) 



(CA)' + a(3Q - 2Q P )' = F 

\CB)' + a(3Q") - 3A" - pQ^A = G, 



where F(x) and G(x) are given functions (with a specific structure, see Proposition 12. 2|) and 
(a, A(x), B(x)) is to be determined. We study existence of solutions of the system (f2). Before 
stating and proving the existence result for the model system (fi), we introduce some notation 
and we recall well-known results concerning the operator C. 
First, let <p : R K be defined by 

VxeR, <p( x ) = -9M. 

Q{x) 
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Claim 2.1 The function cp is odd and satisfies the following properties. 

(a) lim a ._>_ 00 ip(x) = -1; lim^ +00 <p(x) = 1; 

(b) Vx G K, \(f?(x)\ + \<f"(x)\ + M 3) (z)l < Ce~\ x \. 

(c) ^ 6J, (1- p 2 ) G y. 

(d) Forp = 2, {Op)' = 2Q- §Q 2 . For p = A, (dp)' = f Q 3 - f Q 6 . 



Proof of Claim [Ol From the explicit formula 



p+1 



2cosh 2 (£^ia; 



p-l 



we have 



= -tanh(^x)Q(x), 

and so y?(x) = tanh(2^J- x). From tanh' = 1 — tanh 2 = 1 2 , we obtain (a), (b) and (c). 



By Q" = Q- QP and (Q') 2 = Q 2 - we have 



1 



f =-Q2(Q"Q-(Q') 



- V '. and <//' 



(p-1) 2 



p+1 



P+l 



Q'Q P ~ 2 . 



Thus, -</ - pQ p - V 



(2-1) 



^+p)W^ 2 = |rrW- 2 , and 



(/V)' = ^J.Q"Q P -2 + (3P 1)(P 2 ) (Q0 2 QP -3 + Li^i 
p+l p+l p+l 

_ 3p(p- 1) x _ 3(3p- l)(p- 1) 2 (p_i) 
P + l W (p + l) 2 W 

Lemma 2.2 (Properties of £) Ze£ p > 2. T/ie operator C defined in L 2 (R) fry 

£f = -f" + f-pQ p ~ 1 f 

is self-adjoint and satisfies the following properties: 

(i) First eigenfunction : CQ E 2~ = — \(p— l)(p+3)Q E 2~ ; 

(ii) Second eigenfunction : CQ' = 0; the kernel of C is {XQ' , X G M}; 

(hi) For any function h G L 2 (M) orthogonal to Q' for the L 2 scalar product, there exists a 
unique function f G H 2 (R) orthogonal to Q' such that Cf = h; moreover, if h is even 
(respectively, odd), then f is even (respectively, odd). 

(iv) Suppose that f G H 2 (R) is such that Cfey. Then, fey. 



Proof of LemmalKE From Q" = Q - QP and (Q') 2 = Q 2 - ^jQ p+1 , 



dx^ 2 



^Q' 2 Q^+Q"Q P -^} = (2±i) Q^-pQ^Q^ 



and so CQ 2 



;^) 2 -i 



Q £ * 1 = -|(p-l)(p+3)Q £ * i . 



16 



The property CQ' = is easily checked. Moreover, the fact that the spectrum of C is 
restricted to {XQ' , A 6 1} was proved by ordinary differential equations techniques (see We- 
instein [39], Proposition 2.8 (b)). The third property is a direct consequence of the structure 
of C, and Lax-Milgram theorem. 

Property (iv) is also a consequence of standard arguments of ordinary differential equations 
theory. First, we claim the following. 

Claim 2.2 Suppose that f G H 2 (R) satisfies for K > and r > 0, 

VxGM, \(f"-f)(x)\ <K(l + \x\ r )e-W. (2.14) 
Then, there exists K' > such that 

VxGM, |/(x)| <K'(l + \x\ r+1 )e-W. (2.15) 
Proof of ClaimlKE We set g{x) = e~ x {f + /). Then g' = e~ x {f" - /), 

Vx>0, \g'(x)\ < K(l + \x\ r )e~ 2x , and 



r+oo 

\g(x)\ <K (1 + s r )e- 2s ds < K'(l + x r )e 

J X 



Set h = e x f. Then \h'\ = \e 2x g\ < K(l + |x| r ). By integration between and x, we obtain 
Vx > 0, e x \f(x)\ = \h(x)\ < K"(l + |x| r+1 ). The same property is true for x < 0, by 
changing x in —x. 

We now finish the proof of (iv). Let / G H 2 (R) be such that Cf G y. Since /" = 
(-£/ + / - pQ p ~ l f), by induction on j and Q G y, it is clear that / G C J (R) , for all j G N. 
Since (f^)" - = -{Cf + pQ^ 1 f)® and Cf, Q e y, using Claim Owe prove by an 
induction argument on j that for all j and all x, |/^(x)| < Kj(l + |z| r 3)e"~ ' S L Thus, / G 3^- 

The next result of this section concerns the existence of solutions of system (fl). 

Proposition 2.2 (Existence for the model problem (O)) Let F(x) and G{x) be such 
that 

F = F + F + (pF, G = G + G + (pG, 

• F, G £ y; F is odd and G is even; 

• F and G are odd polynomial functions; F and G are even polynomial functions. 
Then, there exist a G R and two functions A(x), B{x) 

A = A + A + ipA, B = B + B + <pB, 

• A, B G y ; A is even and B is odd; 

• A and B are even polynomial functions; A and B are odd polynomial functions; 
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satisfying 

(LA)' + a(3Q - 2QP)' = F (Q A ) 
(CB)' + a{3Q") - 3A" - pQ^A = G. (fl B ) 



The degrees of the polynomial functions A, A, B and B are related to the degrees of F, F , G 
and G as follows: 

deg 2 < 1 + deg F, degS < max(l + degG,degF), (2.16) 

deg ,4 < 1 + deg F, degS < max(l + degG,degF). (2.17) 

Moreover, 

if F = (respectively, F = 0) then ^4 = (respectively, A = 0); (2-18) 

if A" = and (5 = then B = 0; (2.19) 

if A" = and G = then deg B = 0. (2.20) 

Remark. Observe that the conclusions of (f2T20j) and (f27T8]) - (f27T9|) are different. In (f!T2"0|) . 
only deg-B = which allows the possibility that B = b, a nonzero constant, even if no 
polynomial is present in F and G. Without this freedom, the system cannot be solved in 
general. This remark is essential for two reasons: 

1. The fact that possibly B / whereas F, F, G and G are zero, is responsible for the 
apparition of polynomial growths in A^/ and B^/ when solving the systems (£lk,e)- 
Indeed, from the structure of the systems (rifc^), one cannot find solutions A/,^, B^i all 
in y. It is the reason why we need to allow polynomial growth in the functions A, B, 
F and G as in Proposition! 



2. In the next section, we will see that the shift on the soliton Q c resulting from the 
interaction with the soliton Q is obtained from B\ y o ^ 0. 

Remark. In Proposition 12.21 we nn d one solution of the system (£1). We refer to Corollary 
13.11 for the uniqueness question. 

Proof of Proposition \2.B . We first reduce the proof to the case where there is no polynomial 
functions in F and G. Then we solve the problem using Lemma 12.21 and choosing the free 
parameter a. 

Step 1. Reduction to the case without polynomial functions. 

Let F and G be two functions satisfying the assumptions of Proposition 12.21 First, we 
consider A and A the two (unique) polynomial functions satisfying 

- A"(x)+A(x)= [ F{z)dz and - A"(x) + A{x) = I F(z)dz 
Jo Jo 

(obtained by resolution of a system in the basis {x r } r >o. Observe that A is even and A is 
odd; moreover 

• if F = (respectively, F = 0) then ^4 = (respectively, ^4 = 0); 

• if F 7^ (respectively, then deg A = 1 + degF (respectively, deg A = 1 + degF). 
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We have 

(CA)' = (-A" + A- pQP^A)' = F — p(Q p - l A)', 

(C(ipA))' = (-<pA" - 2ip'A' - ip" A + <pA- pQP- 1 ^' 

= <pF + ^ F + (-2<p?A' - ip" A - pQP-^A^' . 

For A to be chosen later, let A = A + A + tpA. Then, A solves (fi^i) if and only if 

(CA) ' + (CA)' + (C(<pA))' + a(3Q - 2Q P ) = F + F + <pF, 
or equivalently by the previous calculations (CA)' + a(3Q — 2Q P ) = F, where 

F = ~F + F — (CA)' + ipF- (C(ipA))' 

= F-<p' J* F+ fo'A' + i P "A+pQP- 1 (A + <pA)y . (2.21) 

Since F, if', Q € y, and A, A and F are polynomial functions, we get F G y. Moreover, we 
observe that F is odd. 

We proceed in a similar way for B(x) except for the need of an additional parameter 
b e R and the term (—3^4") in equation (fis). Let -B and £?* be the two (unique) polynomial 
functions satisfying 

- B"(x) + B(x) = J* (G(z) + 3A"(z)) 

- + B*(x) = ^ (g» + 3A"(z) S j dz. 

Observe that B is odd and B* is even; moreover 

• if A" = and G = then 5 = 0; 

• if A" ^ or G ^ then deg5 = 1 + max(degG, degl"), 

• if A" = and G = then = 0; 

• if A" ^ or G ^ then deg 5* = 1 + max(deg G, deg 1"), 
In all cases, we have 

deg 5 < max(l + deg G, deg F), deg B* < max(l + deg G, deg F). (2.22) 

We have 

(CB) ' = (-B" + B- pQP^B)' = G + 3A" - p(Q p - 1 B)', 

(C(yB*))' = (-<p(B*)" - 2<p'(B*)' - <p"B* + yB* - pQP^tpB*^' 

= <p(G + 3A") + <p' £(G(z) + 3A"(z))dz - (2<p'(B*)' + ip"B* +pQP~ 1 v B A j . 
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For B and b to be chosen later, let 

B = B + B + ipB, with B = B* + b, 

Then, B solves (JIb) if and only if 

(CB)' + (LB)' + (C(<pB))' + 3aQ" - 3A" - pQ^A 

- 3A" - pQP- 1 ! - 3(<pA)" - P Q p - l (^A) = G + G + <pG, 

or equivalently by the previous calculations 

(CB)' + 3aQ" - 3 A" - pQ^A = G + b(C<p)', 

where the function Q is defined by 

G = G + G + 3 A" - (CB)' + ipG + 3(ipA)" - (C(<pB*))' + P Q P ' 1 (A + <pA) 

= G + 6<p'A' + 3ip"A [ (G(z) + 3A"(z))dz 

Jo 

+ (2^'(B*)' + y"B* + pQP- 1 (B + pB*)Y . (2.23) 



Since G, ip\ Q G y, and A, B, B* and G are polynomial functions, Q G y is even. 

Thus, in conclusion, the system (Q) is equivalent to the following system in (a,b,A,B): 

(CA) ' + a(3Q - 2Q P )' = T 

(CB) ' + a(3Q") - 3A" - pQ^A = G + b(C<p)', 

where T G y is odd, given by (|2.21|) . Q G y is even, given by (|2.23|) . Note that T and Q do 
not depend on the parameters a and b. 

Step 2. Existence of a solution of system (Q). We set 7i(x) = T(z)dz. Since T is odd, 
L T = and so H S 3^ is even. 

To find a solution (a,b,A,B) of (0), it is sufficient to solve 



£.4 + a(3Q - 2QP) = H 

+ a(3Q") - 3A" - pQ p ~ Y A = G + b(C<p)'. 



Since J HQ 1 = (by parity) and Ti G y, it follows from Lemma [2.2l (iii)-(iv) that there exists 
H £ y, even, such that 

By Lemma |2~21 there also exists Vq G even, such that CVq = 3Q — 2Q P . It follows that, for 
all a, 

A = H - aV (2.24) 

is solution of CA + a(3Q — 2Q P ) = Ti., moreover, A is even and A G y. Note that at this point 
(a, b) are still free, they will be chosen when solving the second equation. 

Now, replacing A by H — oVq in this equation, we only need to find B such that 

(CB)' = -aZ + D + b(&p)', (2.25) 
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where 

D = 3H" + P Q p - 1 H + G, Z = 3Q" + 3V£ + pQ p ~ 1 V . 

It follows from the properties of Q, Vo, Q and H that D and Zq are even and satisfy Zq, 
D E y. To solve (1235]) . it suffices to find such that 

CB = E where £7= / (D - aZ )(z)dz + b&p. (2.26) 

•/ o 

We can choose (a, b) such that the function E is orthogonal to Q' and has decay at +oo. 
Claim 2.3 (i) Nondegeneracy: 

Z oQ = TT^TT [ Q 2 - (2-27) 



4(p- 1 

(ii) Lei a = aric ^ b = — f Q +oc (D — aZo)(z)dz. Then, E defined by ()2.26j) satisfies 

E <E y, E is odd, J EQ' = 0. (2.28) 



Assuming Claim [2~3l we finish the proof of Proposition 12.21 We fix (a, 6) as in Claim [2^31 
Then, from (I2.28D and Lemma 12.21 it follows that there exists B £ y such that ££> = E. 
Setting 

A = 34 + 1+1, B = B + B + B, 
we have constructed a solution of system (f2) with the structure described in Proposition 12.21 

Now, we only have to prove Claim [231 
Proof of Claim [Ol Proof of (i). First, we check that 

Vo = -^ I Q-lxQ'. (2.29) 

Indeed, CQ = -Q" + Q- pQP~ l Q = -{p- l)Q p and C(xQ') = -2Q" + xCQ' = -2Q + 2Q P . 
Thus, 

£(-^tQ - hQ') = —^l c Q ~ l£(*Q') = ~Q P + - 3Q P = 3Q - 2Q P . 

Second, we compute J ZqQ, where Zq = 3Q" + 3Vq + p<3 p_1 ^ / b- By Q" = Q — Q p , we get: 
j Z Q = J (3Q" + 3y " + pQ p -V ) Q = 3 f Q 2 -3 f Q p+1 + ^ y (3Q" + pQ p ) 
= 3 J Q 2 -3 J Q p+1 + y V (3Q + (p - 3)Q P ). 
We compute the last term, integrating by parts: 

J Vb(3Q + (p - 3)Q P ) = - y (pZiQ + §sQ') (3Q + (p - 3)Q P ) 

= -3(A-f)/Q 2 + ^- 3 )(A-^T))/^ +1 
3(3p-7) /- Q2 , (p-5)(p-3) /- Qp+1 



4(p-l) 7 ^ 2(p-l)(p + l) 
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Finally, using Claim ICTTl in Appendix C, 



/ 



_ 3(7p-ll) f 2 (5p-7)(p + 3) /• +1 p-5 

4(p-i) y g -2(p-i)(p+i)y Q -4(^T)/ g 



Proof of (ii). Let a and 6 be denned as in Claim [2T3l The function E is odd by its definition 
in (|2,26[) , By integration by parts, and decay properties of Q, we have 

J EQ' = - j {D - aZ )Q + b J \op)Qf = - J DQ + a J Z Q + b J <p{£Q') = 0, 

by the definition of a, b and CQ' = 0. By Claim [2~T1 and the definition of a, b, we have 

p+OO 

]imE= (D - aZ ) dz + b1hn(Ccp) = and so E G y. □ 

+ 00 Jq +oo 



Resolution of the systems (O^ g) 

Using Propositions 12. ll and [2~2l we solve the systems (£lk,e) by induction on (k,£). We 
check that at given (k,£), the systems (£lk',e') being solved for all (k',£') ~< (k,£), we can 
apply Proposition 12.21 to (fifcf). The induction argument can be for example: 1) Initialization: 
k = 1, £ = 0, 2) For ^ = 0, all fc > 1, by induction on k, 3) By induction on £ > 0, all k > 1 
similarly as in 2). 

For future use in the proof of Theorem 12.14 we estimate in the next section the degrees of 
the polynomials A k £, A kj £, B kj £ and B k; £ with respect to k and £ (see Lemma |2.3|) . 

Proposition 2.3 (Resolution of (Clkg) by induction on (k, £)) For all k G {1, . . . , fco}, 
£ G {0, . . . ,^o}> there exists (a k; £, Ak/, Bp./) of the form 

A k ,({x) = A k/ {x) + A k/ (x) + ip(x)A k j(x), 

B k/ (x) = B k/ {x) + B k/ (x) + ip(x)B k/ (x), where ^ 
A k /, Bk,e G y; A k ^£ is even and B k ^ is odd; 

A kt £ and B k ^ are even polynomials; A k ^ and B k ,t are odd polynomials; 
satisfying 

f (CA k/ )' + a k/ (3Q-2QP)' = F k/ 
{Uk ' l) \ (CB k/ )' + o M (3Q") - 3A'£ 4 - pQ?- l A k/ = G k/ , 

where F k) £, G k / are defined in Proposition ^. 1\ Moreover, for all 1 < k < p — 1, £ = 0, 

A k fl = A kfi = B kfi = 0, B k)0 = b kfi G R. (2-31) 

Remark. (i) The parity condition on A k; £, B k £ are related to the resolution of the systems 
(£lk',e') for (k, £) ~< (k' , £'). The use of the function ip is related to the asymmetry of the gKdV 
equation. 

(ii) The resolution of (O^) at each step (k, £) does not give a unique solution. Indeed, 
from Corollary 13. 1\ if {a k £, A k £, Bp, £) is solution, then for any ('Jkii^ki) £ 

i.a k ,e + 7M a l,o> A k> £ + 7 fc/ (l + A lfi ),B k ^ + ^ k /B lfi + t^Q') (2.32) 
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is also solution, which gives two degrees of freedom at each step. From Corollary 13. 11 (|2.32p is 
exactly the set of solutions in the class (|2.30p . Note that for p = 4, it seems that one cannot 
use the parameters to avoid polynomial growth. For p = 2, there is a choice of parameters 
giving no polynomial growth corresponding to the explicit 2-soliton solutions. See Section 5.2. 

Proof o f Proposition [Ql The proof of Proposition l2.3l is based on Proposition 12 . 21 and on the 
structure of F k £ and G k i (see Lemma iB.lj) . Using the induction argument described above, 
it is enough to check that if {a k >^>, Ay^>, By^i) satisfies (|2.30p for all (k',£') -< (k,£), then we 
can find (a k ^, A k ^, B^ e) as in (|2.30p and solving (O^). This will follow from Proposition 12.21 
and the following Claim. 

Claim 2.4 Let (k,£) be such that (k,£) G So, with (k,£) ^ (1,0). Assume that for all 
(k',£') -< (k,£), the functions Ay # and By y verify ()2.30p . Then, 

Fk,i{x) = F Kl (x) + F k/ (x) + ip{x)F k/ (x), 

G k ,e(x) = G k>i (x) + G k/ (x) + ip(x)G k j(x), where 

Fkl; G k ^ G y; F k £ is odd and G k £ is even; 

F k> £ and G kt e are odd polynomials; F k ^ and G kt g are even polynomials. 
Moreover, let 2 < k < p — 1, if for any 1 < k! < k, 

degA fc ^o = degA fc ' j0 = deg5jfc/ i0 = deg-Bfe/,0 = then F kfi ,G kfi ey. 

Claim [23] is a consequence of the more detailed Lemma IB . 1 1 proved in Appendix B. 

- Case k = 1, £ = 0. The system (f2i,o) is explicit from Proposition 12.11 indeed, 
F lfi = p{Q p ~ 1 )' and Gi, = pQ^ 1 . Thus 

F\,o = -^1,0 ^ y, Gift = Gi : o G y and Fx t o = Fi t Q = Gi$ = G^q = 0. 

It follows from Proposition 12.21 that (fii,o) has a solution a\ o, -Ai,o> B\ q with the desired 
properties. Moreover, from (j2.18|) - (j2.20p . we obtain A± t o = A± t o = B± t o = and B\ t Q = 
h\fi, where b\<o G M is a constant. Whether or not b\$ is zero will be determined in Section 3 
for each case p = 2, 3 and 4. 

- Case 2 < k < p — 1, £ = 0. By induction on 1 < k < p — 1, we solve (£l k o) an d we 
prove: 

A k , = A kfi = B kfi = 0, B kfi = b kfi G R. (2.34) 

Indeed, let 2 < k < p—1 and assume that (|2.34p is true for all 1 < k' < k. Then, it follows from 
Claim [23] that F k Q,G k o G y, which means that F kt Q = F k o = Cfc,o = Cfc.o = 0- Therefore, 
from Proposition 12.21 we solve (Q k q) with property ()2.34p at rank k, which completes the 
induction argument. Thus (|2.3ip is proved. 

- Case k > p, I > or k > 1, i > 1. By induction on (k,£), we prove that (Fl k i) has 
a solution (a ki g, A ki g, B ki g) satisfying (I2.30p . First, note that (|2.30p holds for 1 < k < p— 1, 
£ = by (|2.34p . From Claim [2~4l we know that F k £ and G k £ have the required structure to 
apply Proposition E21 thus we obtain a solution (a k) £, A k ,e, B k ^) with the structure ()2.30p . 
Thus, the induction argument is complete and the system (£lk,e) 1S solved up to (ko,£o). 
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2.3 Estimate on S(t, x) and proof of Theorem 13.11 

We consider the function v(t) constructed in (I2.2|) - (I2.4|) where (a k: g), (A k ^) and (B k ^) are 
defined in Proposition 12.31 For this choice, we have 

s(t, x)= J2 c " (Q k MF k ,i(y) + {Q k c )'(yc)G k/ (y)) • (2.35) 

l<fc<5fc +12 
0<^<5£ +4 
k>ko or £>£o 

Recall that q = — |, and T c = c~2~ioo. 

Proposition 2.4 (Estimates on W and 5) Let k$ >1,£q> 0. There exists K such that, 
for any < c < 1, for any t £ [— T C ,T C ], W(t), S(t) belong to H S (M) for all s > 1 and satisfy 

\\W(t)\\ m = \\v(t) - R(t) - R c (t)\\ m < (2.36) 

j = 0,1,2, \\d®S(t)\\v < Kc no , (2.37) 
where n = (5 - y^) min(^ T , 4 + 1). 

Before proving Proposition 12.41 we claim several preliminary results. The first result concerns 
the degrees of the polynomials in the decomposition of W(t). 

Lemma 2.3 a) For all 1 < k < k and < £ < £ such that ^ + £<2, 

degl M = degl M = 0, (2.38) 

b) For all 1 < k < k , < £ < £ , 

/ ~ -~ ~ \ k — 1 

d AB (k,£) =msix(degA k/ ,degA k/ ,degB k/ ,degB kye ) < j—^+t (2.39) 

Proof of Lemma \2.3[ The proof proceeds by induction on (k,£). 

- Case k > p, I > or k > 1, £ > 1. By induction on (k,£), we prove: (|2.39p holds. 
First, note that (l2~39l) holds for 1 < < p - 1, £ = by (l2~34"l) . Let 

£(fc,i) = (2.40) 
p — 1 

Assume 

for all (k', £') -< d AB {k' ,£') < £') holds true. (2.41) 

From Lemma EU we know that F k; i and G k £ satisfy: 

d FG (k,£) <max(d AB (k-l,£)-l,d AB (k-p+l,£),d AB (k,£-l),d^(k,£)). (2.42) 

We claim 

ifk> P , d AB (k-p+l,£)<£(k,£)-l, 
if£>l, d AB (k,£-l)<Z(k,£)-l, 

if k > p, d^(k,£) < £(k,£) — 1 (c?n is defined in Lemma fB . 1 h . 
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Indeed, assume k > p, then by (|2.4ip . 

d AB (k-p+l,e) <£{k- P +i,e) = £(k,£)-l. (2.43) 
Similarly, if £ > 1, by (I2T4TT) 

dAs(k, £—l)< t-l) = £(k, £) - 1. (2.44) 
Finally, if > p and if fcy,£j satisfy X^j=i % — ^ an d X^=i4? — ^> then (|2.4ip implies 
p p , _ — 1 

j=i j=i p p 

Thus, d N (M) < - 1- 

By (I2.42|) . we obtain dFc(k, £) < £,(k,£) — l. Using Proposition ^. 21 (ak/, A^/, Bk/) satisfies 
(gISD- ([gT7D , i.e. 

de gAfl (M) < deg FG (M) + 1 < £(M). 
Thus, the induction argument is complete and the system is solved up to (ko,£o). 

We now prove (|2.38p to finish the proof of Proposition 12.31 

- Case p < k < 2(p — 1), £ = 0. We prove (|2.38p for the case £ = by induction on k 
starting at k = p. For k = p and £ = we know that for all k' < p, Ay $ = Ay $ = By q = 
and deg.Bfc/,0 = 0. Thus, by Lemma [B.ll (b), we have F p ^ G y, and thus by Proposition 
12.21 Apfi G y, which means A Pt o = A Pt o = 0. In the statement of Proposition 12.31 we gi ye a 
weaker statement deg A Pt o = deg A p fi = 0, since we want that the rest of the estimate to be 
compatible with nonzero (constant) A Pj q (see Section 3). The induction argument from p to 
2{p — 1) is done in the same way and we omit it. 

- Case 1 < k < p — 1, £ = 1. We also omit this case, since it is similar. 
Claim 2.5 (Estimate on a(s)) Let a(s) be the function defined in (12. 3p . Then 

VsGR, \a(s)\ < Kc*=*~*, \a'(s)\ < Kc^. 

In particular, there exists cq > so that for all < c < cq, for all s G M., \a'(s)\ < \. 

Remark. From now on, we choose c > small enough so that 1 + a' > 1/2 for all s£R. 
Proof of Claim \2.5l We have 

\a(s)\ < V a M / Q k {s')ds < max \a k ,t\ x V c e I Q k < K [ Q c . 



(M)e£ 



i _j i i 

Since Q c {s') = cp- 1 Q(^/cV), \a(s)\ < K J Q c = Kcp- 1 2 j Q and similarly \a'(s)\ < Kcp- 1 . 

Claim 2.6 (i? 1 -estimates) Let < c < 1/2. Let f G y and let P be a polynomial function 
of degree d. Then, for all k > 1, £ > 0, for all t G [— T c , T c ], 

\\c e Q k c (y c )f(y)\\m+c^\\c e (Q k c y(y c )f(y)\\ m < Kc^e'^^. 

\\c e Q k (y c )P(y)\\ m < KS k V + ^ + ^ + c-Hc"{Q k )'{y c )P{y)\\ m < Kc^ + ^ + ^ . 
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Proof of ClaimlM Let / G y, so that |/(y)| < K\y\ r e~\ y \ on M. By Q c (x) = c^Q{y/cx) < 
Kcp^ 1 e~v°\ x \ } we have 

|c*Q*(y c )/(y)| 2 < Kc^ +2i e- 2k ^\\y\ 2r e- 2 ^ < Kc^+'V 2 ^ \y\ 2r e- 2 ^ . 
Since y c = x + (1 — c)t and y = x + a(y c ), we have y c = y + (1 — c)i — a(y c ), and so by Claim 

E3J 

V^ll/d > v^((l - c)|t| - |y| - |a(y c )|) > (1 - c)yfc\t\ - ^c\y\ - K. 

Thus, 

\c e Q k c (y c )f(y)\ 2 < Kc^e-^-^^e- 2 ^ 1 -^ < KcJ^ +2 "e-\y\. 
By changing the variable, y = x + a(x + (1 — c)i), and using Claim [231 we have 

/ e-Mdx = / e"l y l < 2 / e^'dy < if. 

J J l + a'(y c ) J 

Thus, \\c e Q k {y c )f(y)\\^ < Kc^^e-^^. 

Since |Q' C | < J~cQ c (recall (Q^) 2 = cQ 2 c - ^Q^ +1 ), we also get 

\\c\Q k c )'{yc)f{y)\\L* < Kv&+ t+ %e-V-W\A. 

Since d x (c e Q k c (y c )f(y)) = c l {Q k )> '(y c )f(y) + (1 + a'(y c ))c e Q k (y c )f'(y), and /' G the above 
estimates and Claim [231 give the H 1 estimate on c £ Q k (y c )f(y). The proof of the estimates 
for c e (Q k )'(y c )f(y) is similar. 

Now, we consider a monomial function P{y) = y d ■ For all t £ [— T C ,T C ], and by Claim [231 

y = y c - (1 - c)t + a(y c ) and so \y\ < \y c \ + T c + Kc^~^ < \y c \ + Kc~^ 1+ ^ . 
Therefore, 

|c*Q*(y c )P(y)| = c e Q k (y c )\y\ d < K (c e \y c \ d Q k (y c ) + c^ 1+ ^Q k {y c )) ■ 
i 

By Q c (x) = cp- 1 Q(y/cx), 

\\c e \y c \ d Q k (y c )\\ L2 = c e+ ^~^\\\x'\ d Q k (x)\\ L 2, 
|| c ^|a^)Q^( yc )|| L2=c ^^-|^^-i||Q^|| L2 . 

Thus, \\c e Q k (y c )P(y)\\ L 2 < Kc + ^ T ~^ i - 1+ ^~^\\Q k \\ L 2. The other estimates are obtained in 
a similar way. 

Proof of Proposition \2Jj\ From Claim [2~6l we claim sharp estimates on the terms in W(t) 
and S(t). These estimates are applied to prove Proposition 12.41 and will be used again in the 
rest of this paper. 

Claim 2.7 (Estimates for terms in W(t)) For all t G [-T C ,T C ], 
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(a) For all 1 < k < p- 1, t = 0, 

\\Q k c (y c )Ak,o(y)\\m < Kc£i e -V-cW%t\ (2 . 45) 
\\c e (Q k c y(y c )B kfi (y)\\ L2 + ^||c<5 ai ((Q*)'( I / c )5 fc) o(i/))[| £ 2 < Kc^ + l (2.46) 

(b) For all 1 < k < k and < £ < £ such that z^j+£<2, 

\\c'Q k c {y c )A k , t {y)\\ L * + ±\\c"d x {Q k {y c )AkAy))\\L* < KS k >V+i (2.47) 
\\c e (Q k y(y c )B k/ (y)\\ L2 + -^\\c l d x {(Q k c )' {y c )B k/ (y))\\ L 2 < Kc^'^A+i+l (2.48) 

(c) For all 1 < k < k , < £ < £ , 

\\c e Q k (y c )AkAy)\\L* + ±\\c%(c e Q k (yc)A k/ (y))\\L* < Kc^ 1 '^^ (2.49) 

\\c\Q k c y(y c )B k/ (y)\\ L2 + ^yd x {c l {Q k c ) ! {y c )B k/ {y))\\^ < Kch^MW+i+l 

(2.50) 

Proof of Claim \2. 1\ By Proposition 12.31 we have 

A k ,e. = ^h,l + A k> £ + (pAk,e, B kj £ = B k) e + 5^ + <fBk,e, 

where A k g, B k ^ G y arid A k A k ^, B k ^ B k ^ are polynomial functions satisfying (Proposition 
O(c)): ' 

( ~ -~ ~ ~ \ k — 1 

max (degA M ,deg^ M ,deg£fc,£,deg£ fe ^J < __ +| = £(k,£). (2.51) 

By ClaimEU c*Q*(jfc)A M (y) and c e (Q k )' (y c )B k/ (y) belong to F 1 . 

- Proof of (c). From the estimates of Claim [2~6l applied to A k t and B kt £, we obtain from 

for all t g [— r c , r c ] 3 

l|c £ c& c )A M (y)llL 2 < i<- <i e(*^)+9-^i+^)c(^ < k c ^ 1 -m)«(M)+ 9) 

and 

\\c e (Q k )'(y c )B k/ (y)\\ L i < Kc^-^WH+i. 

The proof for \\d x (c e Q k (y c )A k ^(y))\\ L 2 is the same, except that since d x (c?Q*(y c )A kt £(y)) = 
(y (Qc)' (yc)A k ,e(y) + c e Q k (y c )A k g{y) there is a gain of y/c due to derivation of Q c , and of 
c _ 2( 1+ 5o) due to derivation of polynomial terms in A k j (see Claim [2~BT) . 

- Proof of (a). Note that by Proposition 12.31 (a) for all 1 < k < p — 1, A k} o = ^4fc,o = 0, 
which means A k Q G y and thus for such k, by Claim [223 for all t G R, 

l|Q^c)^,o(2/)||ffi < ^c^e-M^I*!. 
For such and £, B k; o = and degB k fi = 0, and thus, for all t G [— T c , T c ] 

||^(Q*) / (yc)B fc , (y)||^<A:c^i + i 

- Proof of (b). From Proposition 12.31 (b) and Claim \2M in the case -^j +£ < 2 we obtain: 

Vt G \-T c ,T c ], \\c £ Q k (y c )A k/ (y)\\L* < 

\\c\Q k )\y c )B kfi (y)\\ L2 < tfc^-^CMHs+i 
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Claim 2.8 (Estimates for terms in S(t)) For all (k,£) satisfying ko + 1 < k < Kq or 

e + l<£<L 0> for all t E [-T C) T c ], 

l|c £ g c fc (y c )F M (y)lbi + ll^(g c fc )'(y c )G M (y)lbi < Kc n °, (2.52) 

/or n = |(l-Bb) min (^, 1 + 4) . 

Proof of Claim X2lk Assume, for example, that k > fco + 1. By Claim [2^6] for all t E [— T c , T c ], 
II^G/c^mMIIh 1 + ||c i (Q*) / (i/c)G M (y)|| H i 

< Kc (L{w)+ q -\{\+±)t{k +i,t)+\{i+^) < «- C 3(i-Hi)f(W) < cK 1 -^)^. n 

Recall W(t,x) = E(fc/) 6 s ^ {Qc(ye)A k ,e(y) + {Q k c )' (y c )B k/ {y)) . We apply the estimates 
of Claim O to each term of W(t), for all t E [-T C ,T C ], 

- For 1 < k < p — 1 and £ = 0, we have 

||Q c fc (y c )A M (y)|| Hl < tf c F^ e -Mv^l < 

- For k > p and £ > 0, or k > 1 and £ > 1, we have £(&;, £) > 1; 

\\c e Q k c (y c )AkAy)\\m < tfc^-^WH* < if C 3 + o = Kc^, 

and similarly for \\c e (Q k c )'(y c )B k/ (y)\\. 

Thus, for all f E [-T C ,T C ], [| || jyi < Kc^. 

By (I2.35p . for a given k$ > 1 and £o > 0, the rest S(i, x) contains only terms for k > k$ + 1 
or terms for £ > £ + 1. Thus, from ClaimEZl for all t E [-T c ,T e ], \\S(t)\\ H i < Kc n °, where 
n = i(l-^)min(^ T ,4 + 1). The proof for ||^5(t)||^i, for j = 1,2, is the same. 

3 Recomposition of the approximate solution at ±T C 

In this section, we consider the function v defined in Theorem 12. 11 We prove further properties 
of v by solving explicitely the first two systems (fii,o) and (f^o)- Detained properties depend 
on the specific value of p = 2 or 4. 

3.1 Explicit resolution of the first systems 

1. Resolution of the systems (Oio) ; (^2,0) f or P = 2,4. We begin with two technical results. 

Claim 3.1 (Expression of V\) Let V\ E y, even, be solution of CV\ = pQ p ~ 1 . Then V\ = 
-2Q - xQ' forp = 2 and Vx = \ (q' '(/* Q 2 ) - 2Q 3 ) for p = 4. 

Proof. For p = 2, set V\ = —2Q — xQ' . Then, using the equation of Q 

CVx = -V(' + Vt- 2QVi = (2Q" + 2Q" + xQ^) -2Q- xQ' + 4Q 2 + 2xQQ' = 2Q. 
Now, let p = 4. By C(fg) = g{Cf) - 2f g> - fg", we have: 

£(Q'(foQ 2 )) = (f x Q 2 )CQ'-2Q"Q'-2(Q'fQ, 
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but from Lemma E21 CQ' = 0, so that by Q" = Q - Q 4 and (Q') 2 = Q 2 - §Q 5 , 
£(Q'{fo Q 2 )) = -2Q 3 + 2Q 6 - 2Q 3 + ^Q 6 = -4Q 3 + yQ 6 . 

We also have: CQ 3 = -3Q"Q 2 ~ 6(Q') 2 Q + Q 3 - 4Q 6 = -8Q 3 + |Q 6 . Thus, by combining 
these two calculations, we get \C(Q' Q 2 ) - 2Q 3 ) = 4Q 3 . 

Claim 3.2 (Computation of / Z X Q) Let Z x = 3V{' + pQP~ 1 Vi + pQ?" 1 . Then 

Proof of Claim\3M 

j ZiQ = y (3*f +pQ p ~ 1 V r i +pQ p ^)Q = y Fi(3Q"+pQ p ) + p j Q p . 

Since £Q = — (p — 1)Q P and C(^zfQ + xQ') = —2Q, we have 

3Q" + pQf = 3Q + {p - 3)QP = £(-f (^Q + xQ') - Q) = -C{^Q + §*Q'). 
Thus, 

y Z 1 Q = -J Vl C{^Q + lxQ')+p j Q p = ~ JimX^fQ + ixQ^+p J Q p 

= -pJ or\£iQ + hQ') +P Jq p = J^-L I q p , 

by integration by parts. Since Q = Q p + Q" , we have J Q p = f Q, and the claim follows. 

Lemma 3.1 (Resolution of the first systems for p = 2,4) • For p = 2, 

2 4 
oi.o = &i,o = -2, ^i,o = -gQ' B i,o = -2y- 

4 2 4 2 1,4 

O2,o = -g, 01,1 = -, A 2i0 = -2 + -Q, A lt i =2--Q- -xQ , 6 2 ,o = g- 

• For p = 4, 

a ~ 2 IQ b - 1 /o 3 + l(/Q)2 <(] 

From Corollary 13.11 there are several solutions. The choice of the solution for p = 2 above is 
related to the exact 2-soliton solutions. 

We only solve (fii,o) in this paper. The resolution of the next systems is done in |27j . 
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Proof of Lemma \3. 1[ From Proposition 12.11 and Proposition 12.31 the system (fix,o) writes, for 
p = 2, 3 and 4: 



(«i,o) 



£A,o + ai,o(3Q - 2QP) = pQP- 1 

(££1,0)' + ai, (3Q") - SAU-pQP-^o = pQP" 1 . 



- Computation of Ai, . Recall from Claim F = -^Q - §a?Q', and CV = 3Q - 2QP. 
Thus, the function Ai,o = Vi — oi,o^b solves the first line of (f2i,o), independently of the value 
of oj o- By replacing A,o in the second line of the system (fix o)j 

(£-Bi,o) + o>i,qZo = Z±, 

where 

Z = 3Q" + 3V£ + pQ p - l V , Z x = Wf + pQ p - Vi + pQP- 1 . (3.1) 

- Computation of ax,o- Since £Q' = 0, we have J (£-Bx,o)'Q = and so ax,o / ZqQ = f Z\Q. 
Recall that by Claim [2~3l J ZqQ = 4 ^~ 5 -^ J Q 2 . Assuming this, we obtain 

ai '°- 2 p~^W (3 - 2) 

• p = 2. Since Q = Q 2 + Q", we have J Q = J Q 2 and so (|3.2|) gives ax,o = |. Next, 
A,o = Vi - |F = -2Q - zQ' - |(-Q - \xQf) = -§Q. 
By the second line of the system (fix,o)j we get 

8 ID 

(CB lfi )' = 2Q- (3ai, Q" - 3A? „ - 2QA lj0 ) = 2Q - (2Q" + 4Q" + -Q 2 ) = -4Q + —Q 2 . 

From Claim |2~TI we have (£97)' = 2Q — §Q 2 , thus, B\ : q = —2ip is solution. 
From Proposition 12. H we write the following two systems for p = 2. 

(CA 2fi y + a 2j0 (3Q - 2Q 2 )' = (-A lfi + A 2 fi )' - + 2QB lfi ) 

- a lj0 (Q + SA'Iq + 2QA 1)0 )' + 3a 2 >0 Q( 3 ), 
(£B 2 ,o)' + 3a 2 , Q" - 3^0 - 2QA 2 ,o = A lfi + A 2 fi + (-2B 1)0 + A^x.o)' 

- ia ll0 (9Ai )0 + 3Bi' )0 + 2QB lj0 )' + |a 2 j0 Q". 



(fi 



2.0 



(fi 



(£A,i)' + ai,i( 3< 9 " 2 <9 )' = 3A 'i + + 1QB 



1,0 



1,1/ 



I + 3ai,iQ" - 3^x - 2QA,i = 35^. 

The resolution of these two systems is done in |27| . 

• p = A. From (|3.2p . we obtain the expression of c^o, and from A^o = V\ — ai,o^o> and 
the expressions of V\ and Vo, we obtain A,o- Here ax,o < which will have a surprizing 
consequence on the shift of Q after collision (see Proposition I3.ip . 

Next, B\fl is of the form B\ q = i?x,o+V9£>x,o> where B\ : q G y and 6x,o £ K from Proposition 
2.21 We do not compute B\$ in this case. Thus we only need to compute 6i 5 o- By Claim l27l| 
2&x,o = lim+oo B\ q — lim.oo B\fl = lim +oc £Bi$ — lim.oo CB\$. Recall the equation of Bi^: 
{CBxja)' = Z x - ai, Z , where ' Z = 3Q" + 3y o " + 4Q 3 V and Z x = 4Q 3 + 3V{' + 4Q 3 y 1 . It 
follows that 26x,o = / Z\ — ax,o / Zq. By integration by parts, 

J Z = 4 J Q 3 V = -4 J Q\\Q + IxQ') = iJq* = iJq, 
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Jz,=aJ Q 3 + lj\Q 3 Q'(f x Q 2 )-2Q*) = Aj Q 3 -3 J Q 6 = ~j Q 3 

since 3 J Q 6 = 5 f Q 3 (from the equation of Q). Thus, 26i o = — / Q 3 — / (J, which gives 
the desired formula. 

We justify that &i 5 o < 0. By Cauchy-Schwarz' inequality and Claim RTT} we have 

Q - 1 Qi s ( / « 2 ) 1/2 ( / «*) 1/2 =)/!( / « 2 ) 1/2 ( / «*' 1/2 

Thus, < jj / <5 3 and so 6j )0 < -| / Q 3 . Numerically & 1)0 0.9. 

System (^2,0) f° r P = 4 writes: 

(CA 2t o)' + a 2fi (3Q - 2Q 4 )' = (6Q 2 (1 + A 1>0 ) 2 )' 

- a lj0 (4Q 3 + 3A'l + 4Q 3 A 1 , ) / + 3a 2 i0 Q (3) , 
(£52,0)' + 3a 2 ,oQ" - 3A'{ - AQ 3 A 2fl = 6Q 2 (1 + ^.o) 2 + (6Q 2 £ lj0 (l + A lj0 ))' 

- |ai, (9Ai )0 + 3Bi' )0 + 4Q 3 5 li0 )' + |a 2 i0 Q". 

The fact that 62,0 7^ can easily be checked by solving (^2,0) numerically. However, we were 
able to give an explicit expression of 62,0; by long but elementary calculations, see [27] . 

2. Determination of all solutions of (f2). Now, let us justify the remark following Proposition 
2.31 concerning the existence of several solutions of system (Q*kl)- At each step of resolution, 
the number of solutions of (Q^ 1) is related to the existence of nontrivial solutions of the 
system (Q,q) 

(£A )' + a (3Q - 2QP)' = 
(LBo)' + a (3Q") - 3A' ' - pQ^Aq = 0. 



(n„) 



Corollary 3.1 Assume that (ao, Aq, Bq) solves the system (£lo), where Aq is a C°° even 
function, with at most polynomial growth at 00, and Bq is a C°° odd function, with at most 
polynomial growth at 00. Then, there exists 76K and 5 € R such that 

(a , A , B ) = (701,0, 7(1 + Ai, ), 7^1,0 + $Q')- (3.3) 

Conversely, for any 7, 5 € R, (|3.3|) defines a solution of (Qq) . 

Proof of Corollary \3.1[ The first line of (Oo) is equivalent to 

CA + a (3Q - 2QP) = 7, 

where 7 is a constant. Since £1 = 1-pQP- 1 , we have £(^0-7 + 00^0-7^1) = 0. Claim[2jZ] 
implies that if Cf = where / is a function with at most polynomial growth, then / £ L 2 (R), 
and so / = <5<3'. Since ^4o is even, and has at most polynomial growth, we obtain 

Aq = 7V1 - a Vo + 7. 

The resolution of the second line of the system is similar to the previous calculations on (f2i,o): 

(£B )' = 7Z1 - a Z , 

which gives a relation between ao and 7: ao J ^oQ = 7 / ^iQ, which means that ao = 701,0, 
and so Ao = 7(1 + ^0). Thus, (CBo)' = ^{Zq — a\flZ\) = j(CBi)', and so C(Bq — 7.61,0) = 
by parity. Therefore, £>o = 7-^1,0 + ■ 
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3.2 Asymptotics of the approximate solution at ±T C 

So far, we have searched an approximate solution v on [— T c , T c ] with a structure adapted to 

the interaction problem. For t £ [-T C ,T C ], v(t) = Q{y) + Q(y c ) + W(t), with [|W(±r c )|| H i < 

i i 

Kc?- 1 ~ Kc± \\QcWm ■ Nevertheless, since the functions A^g, B k g may contain polynomial 
functions of degree larger than 1, the previous decomposition is not adapted for t > T c . 

At t = T c , we note that y c ~ x + T C and y ~ x — — , where |A|/T C <C 1. Thus v(T c ) is close 
to the sum of two exponentially decoupled solitons, and for t > T c , one can use asymptotic 
techniques (see Section 4) close to 2-soliton solutions, or equivalently close to the sum of two 
solitons for the proofs. This set of 2-soliton solutions have several parameters, as the size and 
the position of each soliton. In this section, we understand what is the optimal choice for 
these parameters. In fact, at the formal level, from the decomposition, the size parameters 
will not be changed, we will concentrate on the position parameters. 

First, we point out that the function v(t,x) is, as the (gKdV) equation, invariant by 
the transformation x — ► — x, t — > —t. Indeed, y c (—t,—x) = —y c {t,x), a(—s) = —a(s), 
y{-t, -x) = -y(t,x) and 

v(-t,-x) = Q(-y) + Q c (-y c )+ £ c £ (Q*(-yc)A k/ (-y)+{Q k c )'(-y c )B k/ {-y)) = v(t,x), 

(M)eEo 

by the parity properties of the functions Q, Q c , A kj £ and B k /- Thus it suffices to study the 
properties of the function v for t > 0. 

Let us present formal computations to recompose v(T c ) in terms of the asymptotic 2-soliton 
family at t — > +oo. We first observe that Q and Q c are well-ordered and located far away in 
the original space variable x at t = T c . Indeed, if x > —T c /2, then y c = x + (1 — c)t > T c /4 
(say, < c < 1/4), thus the soliton Q c is at the left of x = —T c /2. Conversely, if x < — T c /2, 
then y = x — a(y c ) < — T c /4 for c small and thus the soliton Q is at the right of x = — T c /2. 

1. Position of Q at t = T c (forp = 2,4). 

We determine the position of Q(y), and thus we consider x > —T c /2. For such x, \fcy c > 

y/BT c /4 > 1, and so a{y c ) = f£ c f3(s)ds ~ J +o ° f3(s)ds. Since J °° Q k c (s)ds = \c^^ J Q k 
we obtain 

f°° 1 k 1 f 

(M)e£ (M)es 
This means that at t = T c , the soliton Q is located at x = |, where 

a= fl k/^ +H / Q k - ( 3 - 4 ) 

(M)e£ 

By symmetry, at t = —T c , the soliton Q is located at x = — y. Thus, as a consequence of the 
interaction with the small soliton Q c , the large soliton Q is shifted by A defined by (|3.4H . 

2. Position of Q c at t = T c (for p = 2,4). 

For the soliton Q, we have introduced the variable y depending on x and t which follows the 
trajectory of Q and in particular the shift phenomenon. On Q c , the variable y c = x + (1 — c)t 
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does not catch any shift of the trajectory of Q c . However, in the integrable cases, it is known 
that the small soliton is also shifted by through the interaction. In fact, the shift on Q c is 
to be determined by examinating the rest of the expansion of v. Since we want to locate the 
soliton Q c at t = T c , we consider x < —T c /2. In particular, y = x — a(y c ) < — T c /4, for c 
small. Recall from Proposition 12.31 that ^0,^.2,0 £ 3^, and at t = T c , B\^ ~ — b\p, 
where B\q S y. Thus 

Q c {y c ) + W{T C ) ~ (1 + A lfi (y))Q c (y c ) + A 2fi {y)Q 2 c {y c ) + B lfi {y)Q' c (y c ) 
~ Qc{y c ) - bi,oQ c {y c ) ~ Qc(y c - 61,0) • 

Thus, 

v(T c , x) ~ Q(x - A) + Q c (y c - 6 1>0 ). (3.5) 

By the symmetry x — ► — x, t — * —t, the value —26^0 can be interpreted as the first order of 
the shift A c on the soliton Q c . Thus, we can set 

A c = 26i >0 . 

3. The integrable cases p = 2,3. 

• p = 2. In this case, we consider the explicit 2-soliton solution with speeds 1 and < c < 1 
defined in (|1.6p . It is classical to observe that for t large, for x£l, 

U 2 {t, x)~Q( x -t- A') + Q c (x - ct), U 2 (-t, x) ~ Q(x + t) + Q c (x + ct + A' c ), 

where A' = - loga(c) > and A' c = --75 A'. 

Let us check that the function v can be chosen to match the explicit 2-soliton at the main 
orders at T c . We are not able to check all the relations up to any ko, Iq by an algebraic 
argument. However, one can expect that there exists a function v matching precisely at any 
order the explicit 2-soliton solution. 

First, let us check that the shifts are matching A' ~ 4y/c + fc-y/c, A' c = — -^A'. From (|3.4p . 

A - Ko J Q)V~c+ (02,0 j Q 2 + ai,i J Q) c 3/2 , A c ~ 26 1)0 . 

From f Q = f Q 2 = 6, ai^ = §, 02,0 + 01,1 = § (Lemma 13. 1|) and fe^o = —2 (Lemma 13. A' 
and A (and A^. and A c ) math at the first main order. 

Now, we check that v(T c ) matches the 2-soliton solution at the main orders. Note that 

Qc(y c - 61,0) ~ Qc(y c ) - b lfi Q' c {y c ) + \b\ fi Q'^y c ) - \b\ fi Qf\y c ) 

~ Qc(y c ) - hMivc) + i^,o(cQc - Ql){y c ) - ^i,o(cQ c - Q c 2 )'(y c ), 

since Q"(y c ) = cQc — Q 2 , an d = (cQ c — QcY- From the decomposition of v at t = T c , we 
have on the other hand 

v(T c ) - Q(y) ~ Q c (y c ) - 6i, Q^2/ c ) + l^Q^c) - b 2fi (Q 2 c )'(y c ) + ii,icQ c (y c ) - &i,ic(Q c )'(y c ). 

From Lemma [37TT we have A 2 $ = —\b\ G = —2, A^i = = 2, &2,o = &i,i = g^io = 3> an d 
again the two functions match at t = T c at this order. 

4- Case p = 4. In this case, we recall that no explicit 2-soliton solution is known, nor was any 
approximate solution. In the next sections, by analytical methods, we will use the function 
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v to describe any solution close in large time to the sum of two solitons Q, Q c for c small. 
Therefore, the function v really describes the interaction between a soliton Q and a soliton 
Q c for p = 4. In particular, from Eq. (|3.4|) and Lemma l3.1|, 

i (fQ) 2 

(p = ±) a ~- 2 ^t^-- ( 3 - 6 ) 

Eq. (|3.6p is surprizing for two reasons. First, the value of the shift is negative. This means 
that for p = 4, the large soliton Q is shifted to the left by interaction with the small soliton 
Q c . This is in contrast with the two previously known situations p = 2 and p = 3, where the 
shift is positive. 

The second surprize is that the shift becomes infinite as c — > 0. Therefore, the smaller is 
c, the larger is the influence of Q c on the trajectory of Q. To obtain the next order of the 
shift A for p = 4, it is sufficient to compute a^o from Lemma 13.11 However, note that the 
next order is c 1 / 6 (k = 2 and £ = 0) and thus it corresponds to a small perturbation of A as 
c is small. 

The function v also allows us to determine for the first time the shift A c on the small 
soliton. From Lemma 13.11 it is at the first order A c = 26i q < 0. Thus, the small soliton is 
also shifted to the left through the interaction, for c sufficiently small, as for p = 2,3. 

As for the case p = 2, we note that Q c (y c - h,o) = Q(y c ) - h,oQ' c (yc) + \b\ fl Q'/(y c ) + ... 
Since Q" c = cQ c — Qc, we obtain at t = T c , 

W(T C ) ~ Q(x - f ) + Q(y c ) - b lfi Q' c (y c ) + \b\ fi {cQ c - Q 4 C ). 

From Lemma 13.1} we prove that 62,0 < 0, thus i?2,o V- Thus, the approximate solution 
v does not match an exact 2-soliton solution at T c by a term exactly of order IKQcXII-ff 1 ~ 
Kg 11 / 12 . This fact and perturbative analytic arguments around 2-soliton solutions, allow us to 
prove (Section 5) that there is no pure 2-soliton solution for the nonintegrable case p = 4 and 
to estimate above and below the size of the nonzero error term created by the interaction. 
Thus, there is no choice of parameters nor any other decomposition which gives an exact 
2-soliton solution. 

Now, we give a precise statement concerning v at ±T C for p = 4 and then for p = 2. We 
prove it only for p = 4, the proof for p = 2 being similar. 

Proposition 3.1 Let p = 4. Let ko > 5 and Iq>1. There exists a function v as in Theorem 
\2.1\ and Proposition \2.3\ satisfying, for c sufficiently small, 

1. Approximate solution on [— T C ,T C ]: for all j > 1, there exists K = K(j) > such that 

Vte[-T C ,T C ], \\di(d t v + d x (d 2 x v-v + v p ))\\mR)<Kc no , (3.7) 

where uq = ^min(^ 1 ,^o + 1)- 

2. Closeness to the sum of two solitons for t = ±T C , 

\\v(T c ) - Q(. - f ) - Q c (. + (1 - c)T c - Ac/2) - b 2fi (Q 2 c )' '(y c )\\ H i < Kc, 

|K-T C ) - Q{. + A) - Q c (. - (1 - c)T c + A c /2) + b 2fi (Q 2 c)'(yc)\\m < Kc, '"^ 
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\d x (v(T c ) - Q(. - |) - Q c (. + (1 - c)T c - A C /2))|| L2 < Kc%, 



where 
A 



A c = 2b 



1,0 



/ 



Q 3 + 



3 JQ 2 



< 0. 



(3.9) 



(3.10) 



3. Decay on the right: 



\v(T c ) - Q(. - #)[|h1(x>-t c /2) < ^exp(-ic-Tno). 
Vx > 0, |t>(0, x)\ < Cexp(— xy/cx). 



(3.11) 
(3.12) 



Remark. Recall that for p = 4, ||Q C || L 2 = c 1 / 12 ||(5|| i 2. By (pUPl) and Lemma EH we have 



A -(- 2 7^^ + dlcl/6 + d2cV2 + d3c5/6 ) 



< Kc 7 / 6 , 



(3.13) 



where d\, d 2 and c?3 are universal constants. The other terms in the sum (I3.10P are of higher 
order than c 7 / 6 , in particular, these terms are not relevant in our estimate. We will not 
compute all, d 2 and d 3 and will just keep the first order term to state the main results (see 
Theorem \1.2\i . 

Since ^c 11 / 12 < \\{Q 2 C )' {y c )\\m < Kc 11 / 12 and 6 2 ,o + 0, estimates (JHS]) imply that 



1 ii 

K 
1 



< \\v(T c ) - Q(. - f ) - Q c (. + (1 - c)T c - A c /2)\\ H i < Kc%, 



_ C T5 < \\v(-T c ) - Q{. + f ) - Q c (. - (1 - c)T c + A c /2)\\ H i < Kc-2. 



(3.14) 
(3.15) 



Proof of Proposition lff.il We consider the function v constructed in Theorem 12.11 for k$ > 5 
and £o > 1. Since p = 4, we have q = 1/12. Thus estimate (13. 7h is a consequence of Theorem 
12.11 (|2.7|) . Estimate (|2.8p still holds for v on [— T C ,T C ], but our objective is to prove (|3.14|) - 
(I3.15p . which is a much sharper estimate for t = ±T C . We consider only t = T c by symmetry. 
We justify the formal approach above. 

1. Estimates on the remaining terms in W(t,x) using Claim [2~71 (a)-(b)-(c). We claim, at 
t = T C 

MT C ) - Q{y) - Q c {y c ) - b lfi Q' c {y c ) - b 2fl {Q 2 c )' (y c )\\m < Kc. (3.16) 
From (J232M23E]), for k = 1, 2, 3, I = 0, at t = T c 

-9/2 



\\Q c {y c )A liQ {y)\\ m + \\Q 2 c (y c )A 2 , (y)\\ H1 + \\Q 3 c (y c )A 3 , (y)\\ H1 < Re'^^ < Kce 
\\(Q 3 c y(y c )B 3fi (y)\\ L i + ±\\d x ((Q 3 c y(y c )B 3fi (y)\\ L2 < Kc^\ 

By similar estimates, since -E>i,0) -^2,0 S 3^, we have at t = T c , 

||(Qc)'(vc)Bi,o(iOHr' + ^l|0*((Qc)'(v c )£i,o(v))||z" 



+ \\(Q 2 c y(y c )B 2fi (y)\\ L2 + ^||^((g 2 )'(y c )i? 2 ,o(y))||L2 < ^ 



-9/2 
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We also check using Claim EZJ (g2TJ) - (E5g]) , that for 4 < k < 6 = 2(p - 1), ^ = and for 
1 < A; < 3 = (p - 1), 1 = 1, at t = T c , 

\\c e Q k c (y c )A k/ (y)\\ L 2 + ^Wd^Q^yMkAy))^ 

+ ||c*(Q c fe )'(y c )5 M (y)lb + ^\\d x {c\Q k c )'{yc)B k/ {y))\\^ < Kc 25 / 24 . 

Finally, by Claim (12"^9V([2~5U1 ). we check that for (fc,£) such that f(fc,£) > 2, 
||<^(lfc)A M ( I ,)[| ia + ^||5,(c £ Q^(y c )A M (y))|| L2 
+ \\c\Q k c y(y c )B k Ay)\\v + ^II^C^CQ^'d/c)^,/^))!^ < Kc. 

Thus (|3.16|) is proved. 

2. Position of the soliton Q at i = T c . We claim 

(a) For x > —T c /2 and £ = T c , 

|a(y c )-#|<^e-K 9/2 . (3.17) 

(b) For t = T c , 

\\Q{y)-Q{.-±)\\ m <Ke-^ q/2 . (3.18) 



We have \a(y c ) — ^| < K Qc{s)ds, and, for any fc > 1, for any y c > 0, 

/"OO f'OQ _ _ 

0< / Q c (s)ds < Kc 1/3 e -^ cs ds = Kc- 1/6 e-^~ cy % 

Jy c Jy c 



\a{y c )-^\ <Kc~ 1/6 e-^~ cyc . 



we obtain 

For x > —T c /2 and t = T c , we have y c = x + (1 — c)T c > — c)T c , thus \/cyc > ^ c ^ 2 ~~ 1> 
and so we obtain (a). 

Proof of (b). For x > —T c /2, using (a), we have 

\\Q(y) - Q(. - ±)\\ Hl{x> _ Tc/2) < Ke-l c ~™ . 
For x < —T c /2, since y = x — a(y c ), and |a(y c )| < Kc^ 1 ^ 6 , we have y < —T c /4:. Thus, 

\Mv)-Q(.-§)\\HHx<-T B /2) 

< [|Q(y)l|fli(x<-T e /2) + HOC- - #)[|ffi(x<-T c /2) < Ke-^~™. 
3. Position of the soliton Q c at i = T c . We claim 

HQc(yc) - h,oQ' c (y c ) - Q c (. - 61,0) 11^ < i^c 13 / 12 . (3.19) 

For example, for the L 2 -norm, we have 

||Qc - h, Q' c - Q c (. - b lfi )\\ L 2 = c"\\Q - yfcb lfl Q' - Q{. - Vc~b 1>0 )\\ L 2 

< Kc q (VZb lfi ) 2 = Kc 1+q . 
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Therefore, we obtain (|3.8p . 

4. Estimate on the right. Finally, we prove (|3.1ip . It is sufficient to prove that at t = T c , 

\\Qc(y c ) + W(t,x)\\ H i {x> _ Tc/2) <Ke-^-™. (3.20) 

For x > —T c /2 and t = T c , we have y c = x + (l — c)T c > (1/2 — c)T c and so \/cy c > \c~wo — 1. 

1 i 

Thus, it is clear that \\Qc{yc)\\m{x>-T c /2) < Ke~% c 1111 . All the other terms in W(t,x) are 
checked to satisfy the same estimate, using the control on the degrees of the polynomial 
functions A^g, Af-i and B^i, B k £ as in the proof of Claim [27H 

The pointwise estimate (13,12p for x > is clear from the decay properties of Q and Q c . 
Thus Proposition 13.11 is proved. 

Finally, we present without proof a similar result for p = 2. 

Proposition 3.2 Let p = 2. Let ko > 2 and £q > 1. There exist K > and a function v as 
in Theorem \2.1\ and Proposition \2.3\ satisfying, for c sufficiently small, 

1. Approximate solution on [— T C ,T C ]: for all j = 0,1,2 such that 

Wte[-T C ,T C ], \\di{d t v + d x (d 2 x v-v + v p ))\\L^)<Kc 2 . (3.21) 

2. Closeness to the sum of two solitons for t = ±T C , 

\\v(T c ) - Q{. - 2y^) - Q c (. + (1 - c)T c + 2)\\ mm < Kc 3 / 2 , (3.22) 
|K-T C ) - Q{. + 2v^) - Q c {. - (1 - c)T c - 2)\\ mm < Kc 3 / 2 . (3.23) 

4 Preliminary results for stability of the 2-soliton structure 

In this section, we gather several stability results (essentially refinements of tools developed 
in [21], [2H] and [23]). Section 4.1 concerns the stability of v(t) by the gKdV equation during 
the interaction. Sections 4.2 and 4.3 concern the large time behavior (after interaction). 

4.1 Dynamic stability in the interaction region 

For any c small enough, we consider a function v(t) of the form 

v (t,x)=Q{y) + Q c {y c )+ £ c e (Q k c {y c )A k/ {y) + (Q k c )'(y c )B k/ (y)) (4.1) 

(M)e£ 

where y c = x + (l-c)i, y = x - a{y c ) and a(s) = E(fc/)es a M ° l Jo Qc( s ')ds', and (a M ), 
(Aj,^), {B k £) satisfy the properties of Proposition 12.31 Set S(t) = dtv + d x (d 2 v — v + i> p ). 

Proposition 4.1 (Exact solution close to the approximate solution v) Let p = 2, 3 

or 4. Let # > — There exists C5 > smc/i t/iai the following holds for any < c < C5. 
Suppose that 

forj = 1,2,3, ViG[-T C) T c ], ||^(t)|U m < ^ = Kc e+ 5+iso , (4.2) 
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and that for some Tq 6 [— T c , T c ], 

\\u(T )-v(T )\\ m{R) <Kc e , (4.3) 

where u(t) is an H 1 solution of the (gKdV) equation (jl.ip . Then, there exist Kq = Kq(9,K) 
and a function p : [—T C ,T C ] — > R such that, for all t G [—T C ,T C ], 

\\u(t) - v(t, . - p(t))\\m < K c e , \p'(t) - 1| < K c e . (4.4) 

Remark. By usual techniques related to the resolution of the Cauchy problem, one obtains 
for approximate solutions a divergence of order e Tc for a time interval [0,T C ]. Here, such 
an estimate would not be sufficient since T c = c~2+Too ^> c -1 / 2 . In this proof, we use the 
Hamiltonian properties of the gKdV equation. More precisely, the proof is based on the fact 
that v is close to Q (c is small), and on refined stability analysis around Q (on the one hand 
standard arguments of long time stability (see Weinstein [39]) and on the other hand some 
algebraic cancellations in the energy functional). This leads us to a simple ODE estimate in 
time on the error term. 

Note that 9 > ^-j- is arbitrary in Proposition 14. 11 Moreover, from the algebraic argment 
(Theorem 12. ip . there exists v such that (|4.2p holds for any 9 large. This implies that if (for 
example) u(0) = v(0), then ||w(T c ) — v{T c )\\ H i < K(9)c e , for any 9 large. Theorefore, the 
approximate function v and its properties (for example the shift properties) are sharp up to 
any order c 8 , and provide a sharper description of the collision problem as 9 — > +oo. 

Proof of Proposition \4~J\ We prove the result on [To, T c ]. By using the transformation x — > —x, 
t — * —t, the proof is the same on [—T c , Tq]. Let K* > 1 be a constant to be fixed later. Since 
||ii(To) — v(Tq)\\ h i < c e , by continuity in time in H 1 ^), there exists T* > Tq such that 

T* = supjr G [T ,T C ] s.t. Vt G [T ,T], 3r(t) G R with \\u(t)-v(t, .-r(t))\\ H i < K*c e } . 

Note that the translation direction is degenerate and without the freedom in the translation 
parameter, the result would not be correct. The objective is to prove that T* = T c for K* 
large. For this, we argue by contradiction, assuming that T* < T c and reaching a contradiction 
with the definition of T* by proving independent estimates on \\u(t) — v(t, - — r)\\jji on [To,T*]. 
First, we claim some estimates related to v. 

Claim 4.1 (Preliminary estimates) The following hold. 

\\dtv(t)\\ LO o <Kc&, (4.5) 

\\d t v(t) + a'(y c )Q'(y)\\ L 2 < Kc«+l, \\d t v{t) + a' (y c )Q' (y)\\ Lao < Kc m \ (4.6) 
\\v p - 2 -Q p ~ 2 (y)\\ L ~><Kc^, (4.7) 
\\d x v-Q'(y)\\ L 2<Kc^, (4.8) 

||a"(y c )||L- + -||a( 4 )(y c )|| Loo < Kc^ + ^, (4.9) 
c 

where m = min M^-, ^zj + |J ■ 
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Proof of Claim \4H\ (|4.5[) — f|4.6|) : We differentiate formula (|4.ip with respect to t: 

d t v(t) = -(1 - c)a'(y c )Q'(y) + (1 - c)Q' c (y c ) 

+ £ c e [(l-c)(Q k J(yMkAy)-a-c)a\y c )Q k Ay c )A' k/ (y)) 
(M)e£ 

+ c^((l-c)(Q c fc r( yc )i? fc ,Ky)-(l-c)a'( yc )(Q c fc y( yc ) J B^( y )). 
(M)e£ 

By the same estimates as in the proofs of Proposition 12.41 and Claim [27TI and by |c/(y c )| < 

Kc~^ (see Claim[23]), we have \\d t v(t)\\ L °° < K\\Q c \\ Laa < Kc~^ , and (ET6j) . 

From the expression of v and estimates as in the proof of Proposition 12.41 we obtain (|4.7p . 
(|4.8p : Differentiating (|4.ip with respect to x: 

0*«(t) = Q'(y) - a'(y c )Q'(y) + Q' c (y) + o(c^). 

» K'OOI < ^Ei< fe < feo l(<2c)'(s)l < ^IIQ'dU- < 

iStep i. Choice of the translation parameter and control of the Q' direction. 

Lemma 4.1 (Modulation) There exists a C 1 function p : [Tq,T*] —* R such that, for all 
t G [To,T*], the function z(t) defined by z(t) = u(t,x + pit)) — v(t,x) satisfies, Vi G [To,T*], 
J z(t)Q'(y)dx = 0, and for K independent of K* , 

\\z(t)\\ m <2K*c d , \p(T )\ + \\z(T )\\ m <Kc e , \p'(t) - 1| < K\\z(t)\\ m +K\\S(t)\\ m . (4.10) 

Proof of Lemma \4.1\ The existence of p(t) is obtained at fixed time t G [To,T*]. Let (recall 
y = x- a(y c )) 

C(U,r) = J(U(x + r)-v(t,x))Q'(y)dx. 
Then ^{U, r) = J U'(x + r)Q'(y)dx, so that from Claim [4*7Tl for c small enough, 

^(v,0) = j (d x v)(t,x)Q\y)dx > j {Q\y)fdx-Kc^ >±j (Q'f 

(note that J(Q'(y)) 2 dx = f(Q> (y)) 2 > f J(Q'(y)) 2 dy). Since CM) = 0, for U close 
to v(t) in L 2 norm, the existence of a unique p(£7) satisfying ((U(x — p(U)),p(U)) = is a 
consequence of the Implicit Function Theorem. 

Let us prove that 

\p'(t)-l\<K\\z(t)\\m+K\\S(t)\\ m . (4.11) 

From the definition of T* , it follows that there exists p(t) = p(u(t)), such that C{u(x — 
p(t)),p(t)) = 0. We set 

z(t, x) = u(t, x + p(t)) - v(t, x), (4.12) 

then J zif)Q' = follows from the definition of pit) and (I4.10p from the Implicit Function 
Theorem and the definition of K*. Moreover, since ||u(To) — u(To)|| < c e , we have |p(Tb)| + 
|| 2;(Tq) [| jji < Kc , where K is independent of K* . 
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From the definition of z(t), u(t) being a soiution of the (gKdV) equation, we obtain 

d t z + d x {d 2 x z -z + (z + v) p - v p ) = d t v + d x {d 2 x v -v + v p ) + ( P '(t) - \)d x u 



= -S{t) + (p'{t)-l)d x (v + z). 
Since J z(t, x)Q'{y)dx = 0, by y = x — a(y c ) and y c = x + (1 — c)t, we have 



(4.13) 



° = dt J zQ '^ dx = J d t z Q'(v) ~ C 1 " c ) J a'(y c )zQ"(y). 
Thus, integrating by parts, 
(p'(t) - 1) f(v + z)d x (Q'(y)) = [ z(dl - d x )(Q'(y)) + J ((z + vf - v p ) d x (Q'(y)) 

S(t)Q'(y)-(l-c) [ a'(y c )zQ'\y). 



(4.14) 



Thus \(p'(t)-l)f(v + z)d x (Q'(y))\ < K\\z(t)\\ m + K\\S(t)\\ H1 . The term - J(v + z)d x Q'(y) 
has a positive lower bound: 

j{v + z)d x (Q'{y)) = J (I - a'(y c ))(v + z)Q"(v) 

Q(y)Q"(y) + f(v - Q{y) + z)Q"{y) - f a'(y c )(v + z)Q"(y). 



Since — f Q(y)Q" (y)dx > f / (Q'(y)) 2 dy > and since the other terms are small for c small, 
we have - f(v + z)d x Q'(y) > \ f(Q') 2 . Note that p(t) is C 1 since Q(y) and v are C°° and 
z(t) is continuous in i7 1 (M). (|4.1ip is proved. 

Step 2. L 2 norm conservation and control of the direction f zQ(y). The use of the 1? 
norm conservation replaces a modulation argument in the scaling parameter. 



Lemma 4.2 (Control of the Q direction) For all t £ [T ,T*], 



J z{t)Q{y) 



< Kc e + Kc q \\z(t)\\ L 2 + \\z 



L 2 " 



(4.15) 



Proof of Lemma Remark that since v(t) is an approximate solution of (|1.1|) . its L 2 norm 
has a small variation. Indeed, by multiplying the equation S(t) = dtv + d x (d 2 v — v + v p ) by 
v and integrating, we obtain J v 2 \ = \J S(t, x)v(t, x)dx\ < K\\S(t)\\ L 2. Thus, 



Vt G [T ,T% 



v 2 (t) - / v 2 (T ) 



<KT C sup || S{t) \\ m < Kc 6 

te[~T c ,T c ] 



Since u(t) is a solution of the (gKdV) equation, we have 



u 2 (t) = / (v(t) + z(t)) 2 = / n 2 (T ) = / HTo) + z(T )) 2 . 



(4.16) 



(4.17) 



By expanding (|4. 17[) and using (|4.16p and (|4.10p . we obtain: 



v{t)z{t) 



< Kc + 2 



v(T )z(T ) 



+ \\z(T )\\ 2 L2 + \\z(t)\\ 2 L2 <Kc e + \\z 



L 2 ' 
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Using this and \\v(t) — Q(y)\\ L 2 < Kc q , we obtain: 



z{t)Q{y) 



< 



z(t)v 



+ 



z(t)(v-Q(y)) 



<Kc d + Kc"\\z(t)\\ L , + \\z(t)\\l 2 . 



Step 3. Introduction of a energy functional for ||z(i)||^i. We set 
Ht) = \f ((^) 2 + (1 + *(y c ))z 2 )) - -L. J ((v + zf + 1 - 



(p + l)v p z) . 



The above definition is similar to a linearized energy ^ (J ((d x z) 2 + z 2 ) — p J Q p ~ l z 2 ^ . 

However, the terms J a'(y c )z 2 and the nonlinear terms were added to remove some di- 
verging terms in T' . This is the new ingredient of the proof of Proposition 14.11 

We first claim that the functional T(t) indeed controls the size of z(t) in H 1 up to the 
direction Q(y), extending the similar classical result for the linearized energy. 



Claim 4.2 (Coercivity of J 7 ) There exists kq > such that 



ffl < KoF(t) + Kq 



z(t)Q(y) 



(4.18) 



The proof of Claim I3~2l is given in Appendix D.l. 

Next, we claim the following control of the variation of J-{t) through time. 



Lemma 4.3 (Control of the variation of the energy fonctional) 

JF(T*) - F(T ) < Kc 29 ((iT) 2 (l + K*)c q/2 + K* 
where K is independent of c and K* . 
Proof of Lemma \4-3\ We have 



(4.19) 



T'{t) = J d t z {-d 2 x z + z-((v + zf - V P)) + J d t za'(y c )z 

+ J ^-(l-c)a"{y c )z 2 -d t v{(v + zf -v? -pv^z)} = Fl + F 2 + F 3 

Now, we claim: 



Fi + 



(p'(t) -I) J a'(y c )Q'(y)z < Kc^\\z{t)fm + K \\z{t)\\ifi {\\%S(t)\\ifi + U^lM ■ 

(4.20) 



F 2 - ( P '(t) -I) J a'{y c )Q'(y)z + P -^± J 



a'(y c )z 2 Q'(y)Q p - 2 (y) 



< 



(4.21) 



K\\z(t)\\ 2 H1 (c mo + c^\\z(t)\\ Hl )+K\\z(t)\\^ {\\d 2 s(t)\\ L2 + \\s(t)\\ L i) 



F,-^3 / a>(y c )Q>(y)QO- 2 (y)z 2 



< Kc mo \\z\\ 2 m + Kc—\\z(t)\\ 3 H1 . (4.22) 
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Assuming (|4.20p - (|4.22p . we conclude the proof of the lemma. 



Note that q + \ = — rj + \ < tuq. From the cancellations of the main terms of Fi, F2 and 



\J*(t)\ < K\\z(t)\\ 2 m [c q+i + <^\W)\\m + K\\z(t)\\ m {\\%S(fi)\\v + Wt)\\v) 



< K 
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F 3 , and then from (14.101) . (fOD . we get 

2 („q+\ 

Now, q > i and 9 + ^ > ^ > g + \ > 1(1 + i) + § imply 

< Kc5( 1+ ^))+ 2e ((iT)V /2 (l + iT) + K*} . 

Integrating on the time interval [To,T*] where T* — Tq < 2T C = 2c2^ 1+ so\ we obtain 
\T{T*) - F(T )\ < Kc 2e ({K*f{\ + K*)c q/2 + K*) . 



Proof of (j4.20p . We replace dtz by its expression: 

F X = - J S(t) {-d 2 x z + z-((v + zY - v?)) 

+ (p'(t) - 1) j d x (v + z) {-d 2 x z + z-((v + zf - vP)) = gl + g 2 . 

By integration by parts, the Cauchy-Schwarz' inequality, we have 

\ gl \<K\\z(t)\\ L ,(\\d 2 x S(t)\\ L , + \\Sm^)- 
Since J d x (v + z)(v + z) p = 0, and by the definition of S(t) 

g 2 = (p'it) -I) j d x (v + z)(-d 2 z + z + v p ) = (p'(t) -I) j (d x v(-d 2 x z + z) + d x zvP) 
= (p'(t) -I) I zd x (-d 2 x v + v-vP) = (p'(t) -I) I z(d t v - S(t)). 



By flUD and (ETTUj) . we obtain: 



g 2 + (p'(t) - 1) / a'(y c )Q'{y)z 



< K\p'(t) - l\\\z(t)\\v (||%, - a'(y c )Q'(y)|| i2 + \\S(t)\\ L i) 

< K\\z(t)\\ L ,(\\z(t)\\ m + \\S(t)\\ L2 )(c^ + ||S(i)|| i2 ). 



Proof of (|4.2ip . Note that the term F 2 was introduced on purpose in the expression of T 
to cancel the main terms in Fi and F3. 



F 2 / a'(y c )zd x (-d 2 z + z - {{z + vf - v>)) 

j a'(y c )zS(t) + {p'it) -I) j a'(y c )d x (v + z)z = g 3 + g 4 . 
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First, 



gi~- / + (//(/)- I) / a'{y c )d x vz-\{p\t)-\) / *V(y, ). 



By gSD-dl3]), and <|Q]]> . we have 

g 4 - - 1) J a'(y c )Q'(y)z 



<Kc m °\\z(t)\\ Hl (\\z(t)\\ m + \\S(t)\\ Hl ). 
Second, for the term g3, we integrate by parts, to obtain: 
88 = -/ a"(y c )(l(d x z) 2 + ±z 2 ) + / a^{\z 2 ) - J a'(y c )zd x ((z + vf - rP). (4.23) 
Using the estimate on a"(y c ) and a^(y c ) in Claim l4*4"j we obtain 



«"(y c )(|(^) 2 + iz 2 )+ a^{\z 2 ) 



1 | 1 „ . , ,,r, 

< Kcp- 1 2 \\z u ' n 



H 1 ' 



In the last term of (|4.23|) . cubic and higher order terms are controlled by Kcp- 1 \\z(t)\\^ 11 . 
The quadratic term is 

/ a'(y c )zd x (-pvP- l z) = |/ a"{y c )z 2 vv- 1 - |/ a'(y c )z 2 d x (v^ 1 ) = g 5 + g 6 . 
As before, |g 5 | < Kc* + p^\\z(t)\\jp.. Finally, by (H77jl- I|01l . 



g6 + 



a'(y c )z 2 Q'(y)Q p - 2 (y) 



<Kc—\\z(t)\\m- 



Proof of P~22|) . First note ||(1 - c) / a"{y c )z 2 \ < Kc 2 + p-^\\z{t)\\ 2 L2 . We now estimate 
- / d t v ((t, + z) p - V p - - ^11 - P(P ~ V J d t v v p - 2 z 2 = g 7 + g 8 

By (j4~5l) . we have |g 7 | < Kc^ \\z(t)\\ 3 Hl . By (j4~6j) . ([4~T1) . and |a'(y c )| < ifc^ 1 , we have 



a'(i/c)Q'(i/)Q p -V 



S'tep ^. Conclusion of the proof. By Claim |4"?2| Lemmas I4.1H4.21 we have 



*(T*)Q(y) 



<Kc» + Kci\\z(T*)\\ L 2 + \\z(T*)\\l 2 



and thus by ClaimOQl ||2(T*)||^-i < KF(T*) + K(c e + c q \\z(T*)\\ L 2 + ||z(T*)|| 2 2 ) 2 . It follows 
that for c small enough, \\z(T*)\\ 2 H1 < (K + 1)T(T*) + Kc 26 '. 
Next, by Lemma 14.31 and ^(To)) < Kc 2S , we obtain 

\\z(T*)f Hl < (K + 1)(^(T*) - J-(To)) + ifc 2e < K lC 29 ((iT) 2 (l + K*)c 9/2 + K* + l) , 
where K\ is independent of c and K* . Choose c* = c*(K*) such that 

(iT) 2 (l + lT)(c*) 9/2 < 1. 

Then, for < c < c* , 

\\z(T*)\\ 2 Hl <K lC 2e (2 + K*). 

Next, fix K* such that Ki(2 + K*) < \(K*) 2 . Then \\z(T*)\\ 2 Hl < \{K*fc 26 . This contradict 
the definition of T* , thus proving that T* =T C . Thus estimate (14. 4p is proved on [Tq,T c ]. 
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4.2 Stability and asymptotic stability for large time 

In this section, we consider the stability of the 2-soliton structure after the collision. These 
questions have been considered in [25]. See also [21], [28], [19]. Denote for v G H l {E), 

\\v\\ H i = (J R ((v'(x)) 2 + cv 2 (x)) dx) 1 , which corresponds to the natural norm to study the 
stability of Q c . 

Proposition 4.2 (Stability of two decoupled solitons, |25j) There exists K > 0, ao > 
0, Co > such that for any 0<c<co, < a < ao, the following holds. Let u(t) be an H l 
solution of (II. ip such that for some t\ £ 1R and Xq > \T C , 

imti)-Q-Q c (. + X )|| H i <ac«+i (4.24) 
Then there exist C 1 functions pi{t), p 2 {t) defined on [ti,+oo) such that 
1. Stability. 

sup \\u(t) - (Q{. - p x (t)) + Q c (. - p 2 (t)))\\ m < Kac q+l 2 + if exp(— c~45o ), (4.25) 



Vi>ti, !<pi(*)-p2(*)<i, 

|pi(ii)| < i^ac" + 5, Ips^) - X \ < Ka. 
2. Convergence ofu(t). There exist c^~,c<j~ > such that 



(4.26) 



lim ||«(t) - g c+ (x - pi(t)) - Q c +(x - P2(t))\\m( x >ct/io) = 0. (4.27) 

t— > + 00 1 2 



|cf — 1| < Kac' + 2 + K ex.p(— c 400 



^--1 

c 



< Ka + J fCexp(-c"4oo). (4.28) 



5. Assume further that J x>0 x 2 u 2 {t\, x)dx < Kq. Then, there exist xf and x\ such that 

lim p x {t) - c\t = xt, lim p 2 {t) - c£t = x\. (4.29) 

t — >+oo ' t — >+oo 

For p = A, if for k > 0, 



a < Ka and / x 2 u 2 (ti, x)dx < kc± (4.30) 
A>i||lnc| 

then 

|sf-pi(ti)| <Kcl, \x+ - p 2 {h)\ < Kch . (4.31) 

The proof of Proposition 14.21 is based on energy arguments, monotonicity results on local 
quantities, and a Virial argument, see [23], |25j . 



Remark. To obtain the convergence of the translation parameters, one has to add an extra 
assumption on the initial data such as (|4.30p . Indeed, in the energy space, one can construct 
an explicit example where convergence does not hold (see [23] ) ■ 
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4.3 Decomposition and monotonicity result 

We recall a more precise stability result related to the usual decomposition of the solution 
u(t). See proof of Proposition 4 in [25]. Define 



ip(x) = ^ arctan(exp(— §)), so that lim +00 ifj = 0, lim-oo^ = 1. 



(4.32) 



Claim 4.3 (|25j) Under the assumptions of Proposition there exist C 1 functions pi(t), 
P2(t), ci(t), C2(t), defined on [ti,+oo), such that r)(t,x) and g(t) defined by 

rj(t,x) = u(t,x) - Ri(t,x) - R 2 (t,x), where for j = 1,2, Rj(t,x) = Q c Jt)(x - Pj(t)), (4.33) 



(4.34) 

(4.35) 
(4.36) 
(4.37) 



9® = J {vl(t,x) + (c + %b{x-m(t)))7 1 2 (t,x))dx, 
satisfy for all t £ [ti, +oo), / Rj(t)n(t) = j(x - pj(t))Rj{t)r](t) = 0, j = 1, 2, 

NOIIhi < < Kg{t{) + -ftrexp(-eT45o) < Ka 2 c 2q+1 + Kexp(-c~^ ). 



ci(t) 



+ c 



2g+l 



Cl(*l) 

|ci(t) - 1| +c 9+ 5 



c 2 (t) 



c 2 (h) 
c 2 (t) 



1 . 

400 



< iTg(ii) +iiCexp(-c 
< i^Qc 9+ 5 + ETexp(— c~*5o ) 



Now, we recall monotonicity results for quantities defined in rj(t), to be used in the proof 
of Theorem O For < t < t, x > 0, j = 1, 2, let 



Mj(t) = J n 2 ^, 

£j(t) = j \~r)l ~ {(Ri+R2+n) p+1 -(p+l)R p 1 r ] -(p + l)R p 2 r ] -(R 1+ R 2 r +1 ) 



where rpi(t,x) = ip(x), x = x — p\{t) + xq + |(t — to), and tp 2 (t,x) = tp(^/cx c ), x c = x — p 2 {i) + 
x + §(* - to)- 

Claim 4.4 ([25]) Fei rE > 0, t > 0. For a// i > t , 

J t {c\ q {t) j Q 2 + -Mi(i)) <Ke-Te^ t0+x ^ gi (t)+Ke-^< t+ ^\ 

5 (-^^W / « 2 + ^ + I5o / <S 2 + *><«>)) 

< Ke-^ {t - to+Xo) gi(t) + Ke-^ c{t+Tc) . 

d 



dt 



d ( 2q 



c?«(i)) j Q 2 + M 2 (t)^j <Ke-^ t - t °h-&°Vc~g 2 (t) + Ke-^ t+T c\ 
4« + \t)+4« +1 (t)) jQ 2 + 2S 2 (t) + ^{c 2 l \t)+c 2 2 \t)) j'Q 2 +M 2 {t) 



dt V 2g+l 

< Ke-^-^e-^cig^ + Ke-^ 1 ^. 
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5 Proofs of the main results (p = 4) 



First, let us remark that for Theorems 11.11 11.21 and 11.31 (concerning the case p = 4) by 
considering u{t,x) = \3u(X^t, X^x) with A = instead of u(t), we can restrict ourselves to 
the case c\ = 1 and c 2 = c < eo <C 1 without loss of generality. We consider < c < cq, where 
Co small enough so that Sections 2, 3 and 4 apply for any < d < 2cq. 

5.1 Nonexistence of pure 2-soliton solutions. Proof of Theorem 11.11 

This section is devoted to the proof of Theorem ll.il First, we recall the following. 

Proposition 5.1 Let p = 2, 3 or 4. Let < c < cq, for cq small enough. 

1. Existence and exponential decay. Let xi,X2 G K. There exists a unique solution 
U c>xliX;2 (t,x) = U(t,x) e C{R,H l (R)) of (HI]) such that 

lim \\U(t) - Q(x -t- xi) - Q c (x - ct- x 2 )\\miR) =0. (5.1) 
Moreover, U{t) satisfies, for all t < ^fEf 1 ~ if* 

\\U(t) -Q(x-t- Xl ) - Q c (x -ct- x 2 )\\ mm < ^^(i-")*-^-*!)), (5.2) 

2. Uniqueness of the asymptotic 2-soliton solution at -co: If u(t) is an H 1 solution of 

satisfying 

lim \\u(t) -Q(x- pi(t))-Q c (x- p 2 (t))\\ H um = 0, (5.3) 

t^— CO v ' 

for pi, p 2 : M — > M, i/ten n(t) satisfies (15. ID /or some xx, X2, and so n(t) = ^^^(i). 

This result was essentially proved in |19j . using tools from [21] and [28] . However, some 
statements in Proposition 15.11 are slightly more precise than the main result in [19j . so we 
justify them in Appendix D.2. 

The main ingredient of the proof of Theorem 11.11 is the following proposition related to 
the approximate solution constructed in Section 2. We keep the notation of Section 3, in 
particular, v(t,x), b 2 fi and V\. 

Proposition 5.2 Let p = 4. Let A and A c be defined by (|3.1Up . Let 

v#(t,x)=v(t,x)+w#(t,x) where w#(t, x) = (Q 2 C )' (y c )b 2 ,o(l + Vi(y)), (5.4) 

and 

S#(t, x) = d t v # + d x (dlv # -v # + v#), (5.5) 

where v is the function constructed in Proposition \3.1[ Then, for all < c < cq, for Co 
sufficiently small, 

1. Approximate solution: for j = 0, 1, 2, 

WG[-T C ,T C ], ||^5 # (t)|| L2 <c 3 / 2 , (5.6) 
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2. Closeness to a pure two soliton at t = —T c : 

\\v # {-T c ) - Q(.+f ) - Q c (.-(l- c )r c +^)|| H i < Kc, (5.7) 

3. Non-matching with a pure two- soliton solution at t = T c : 

IMT C ) - Q(.-|) - Q c (.+(l- c )T c -%) - 26 2i0 (Q c 2 ) , (.+(l-c)T c -%)|| H i < Kc. (5.8) 

Remark. Recall that ||(Qc)'(yc)||#i > Kc 11 / 12 and 62,0 < 0. Thus at T c , the function v# differs 
from a two-soliton solution of a factor c 11 / 12 . At — T c it is close to a two-soliton solution up 
to a factor c and it is an approximate solution of the gKdV equation in the sense (15.61) . This 
will be sufficient to prove Theorem 11.11 applying Proposition 14.11 

The function v#(t,x) is not exactly of the form imposed by Proposition 12.31 Indeed, 
the function 1 + V\ is even, and thus the function w#(t,x) has not the required structure. 
This will have no consequence in applying Proposition 14.11 which does not rely on the parity 
structure. In contrast, the presence of w# in v# is definitely a problem to follow the procedure 
of Proposition 12. 31 Indeed, this term creates a new term F5 which has a nonzero even part, 
not orthogonal to Q, which is a problem to determine a suitable A^o. Thus, we can not 
improve (|5.6p up to any power. However, (|5.6p is sufficient for our purposes, and the function 
v# is closer to a 2-soliton solution at t = —T c than the function v itself. 

It would be interesting to investigate further improvements of the function v# since it 
would help understanding the behavior for t > of solutions which are pure two-soliton 
solutions at t — > — 00. 

Proof of Proposition \5.2\ We have 

S#(t, x) = d t v # + d x {d 2 x v # -v # + uj) 

= S(t, x) + d x ({v + w#) 4 ) -v 4 - AQ 3 w # ) + d t w # - d x (Cw # ), 

where C is defined in (12. 121) . 

la. Estimate of the linear part in S#. 

We estimate dtw# — d x (Cw#), where w#(t, x) = (Q 2 )' (y c )&2,o(l + ^i (?/))■ Recall that from 
Claim EH £(1 + Vi) = 1 - 4Q 3 +_CV 1 = 1, and thus (£(1 + Vi))' = 0. Claim E3 gives an 
explicit expression for dtw# — d x (£w4t), where the first term in the second-hand member is 
zero. For the other terms, we use: 

{ l + Vi y = V(ey, QHl + Vi)ey; \\(QI)'\\l°° = Kc 7/6 , < a-c 1 / 3 ; 

\\{Q 2 c )"\\ L ~=Ke>l\ \\(Q 2 c )^\\ L2 =Kc 2 ^ 2 ; 

so that \\d t w# - d x (Cw#)\\ L 2 < Kc 3 ! 2 . 

We obtain, for all j = 0, 1, 2, \\ct (d t w # - d x (Cw # )) \\ L 2 < K jC 3 / 2 . 

lb. Estimate of the nonlinear part in SV 

Note that (v + if#) 4 — v A — 4Q 3 w# = 4(v 3 — Q 3 )w# + 6v 2 w 2 ^ + Avw 3 ^ + vA, so that 

d x [(v + w # f -v 4 - AQ 3 w # ] = Ad x {v 3 - Q 3 )w # + 4(v 3 - Q 3 )d x w # + Sd x {v 2 w 2 # ) 

+ Ad x {vw 3 # ) + d x {w%). 
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Moreover, 

d x (v 3 - Q 3 ) = 8 x (v - Q)(v 2 + vQ + Q 2 ) + (v - Q)d x (v 2 +vQ + Q 2 ), 
d x (v 2 + vQ + Q 2 ) = 8 X (3Q 2 + (v 2 - Q 2 ) + (v - Q)Q). 

Thus, 

\\d x (v 3 - Q 3 )\\l* < K(\\d x (v - Q)\\ L 2 + \\v - Q\\ L oo) < Kc 1 ' 3 . 

We also have 

lk#||L« < Kc 7 '\ \\v 3 - Q 3 \\ L 2 < Kc 1 / 2 , \\d x w # \\ Lao < Kc 5 ' 3 , \\w 2 # \\ L °o < Kc 5 / 3 . 

Thus, 

\\d x [(v + w # ) 4 -v 4 - 4Q 3 w#] \\ L 2 < Kc 3 / 2 . 

Similarly, for j = 1, 2, ||c^' +1) [(v + w#) A - v A - 4Q 3 w#] \\ L 2 < K jC 3 / 2 . 

Taking k$, Iq large enough, so that ||<9c"^S||,l2 < Kc 3 / 2 , by Proposition we have proved 
||#S # || L2 <Kc 3 / 2 . 

2. Analysis at t = ±T C . By the proof of Proposition 13.11 (see (|3.8p ). we have 

\\v(-T c ) - Q(. + #)- Q c (. - (1 - c)T c + Ac/2) + b 2fi (Q 2 c )'(y c )\\ H i < Kc, 
\\v(T c ) - Q(. -f)- Q c (. + (1 - c)T c - A c /2) - M$)'(lfc)llffi < Kc. 

Note that by the definition of v# and Claim 12.61 we have 

|K±T C ) - (« # (±T C ) - 6 2 ,o(Q^)'(y c )) = l|fe 2 ,o(Q' c ) 2 (y c )Vi(y)ki < Kc 7 / 6 . 

Thus, 

IM-T C ) - Q(. + f ) - Q c (. - (1 - c)T c + A c /2)[| Hl < Kc 

IMT C ) - Q(. - A ) _ q c (. + (i _ C )T C - A c /2) - 2& 2 , (Q 2 ) / (y c )|| / p < Kc. 

By || (Q 2 )'(2/c) - (Q 2 )'(. + (1 - c)T c - A c /2) || || H1 = || (Q 2 )' - (Q 2 )'(- - A c /2) || \\ m <Kcl, since 
A c is a constant independent of c, we obtain the result. 

Proof of Theorem \l.l[ 

Step 1. Proof of nonexistence of a pure 2-soliton solution. First, we claim that if there 
exists a global 2-soliton solution, then the speeds parameters at +oo, cf < cj and at — do, 
c i < c 2 satisfy c t = c \ an d c^ = C2 • Indeed, by the conservation of mass and energy, and 
strong limit in K 1 (1R), the following holds (q = — ^ — |) 

(4) 2q + (4) 29 = (q) 29 + (C2) 2q , (4) 2<1+1 + (4) 2q+l = (cr) 2 * +1 + ( C j ) 2 « +1 . 

Set 7 = 2|tl, 6 = (^) 2q , a + = % < 1, a~ = % < 1. The first identity yields 6(1 + o+) = 
1 + a~, and the second identity yields 6 7 (1 + (a + ) 7 ) = 1 + (a - ) 7 . Thus, 

/ 1 + a+ y l + (a + ) 7 l + (a + ) 7 l + (a~) 7 

Vl + a-y ~l + (a-) 7 (l + a+) 7 " (1 + a-) 7 ' 
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The function x i— > is strictly decreasing on [0, 1], thus a + = a and b = 1. 

(%) Behavior at — oo. 

Let u(t) be an asymptotic 2-soliton solution at — oo with speed parameters 1 and c (c 
small enough), in the sense of Definition [H Then, by the uniqueness part of Proposition 15.14 

there exists , x^ 6 M such that, for all i < ^^e, 

||u(t) - Q(x - i - xj) - Q c (x - ct - Xi)\\ H i < A-ei^K 1 -")*-^-^)). (5.9) 

Let 

^=T c + ^f + i^>-^f + Ir c and a = #-(T--* 2 -). 

Recall from f|3. lQj) that |A| < Kc$ and A c is a constant independent of c. Then, applying 
(15. 9p to i = — T~, we obtain 

IK-T", . + a) - Q(. + |) - Q c (. - (1 - c)T c + %)|| H1 
< Kel^-I 1 -^"-^-^)) < ^ e -|V^((l-c)T c +i(A c -A)) < ^ 

for c small enough. By translation in time and space, we can assume T~ = T c and a = 0, so 
that 

IK-T C ) - Q(. + f ) - Q c (. - (1 - c)T c + < Kc, 

(i.e., we consider u(t, x) = u(t — T~ + T c , x + a) instead of u(t, x), and we still call it u(t)). 

(ii) Behavior at t = T c . 

By (15. 7jl . and the above estimate, we deduce 

IK-T C ) -u # (-T c ) Hjyi < ISTc. 

Now, we apply Proposition 14. 1 1 for v# concerning the interaction region, with 8 = 1 — and 
T = -T c . Thus, 

Vte [-T C ,T C ], \\u(t)-v # (t,.-p(t))\\ m <Kc 1 -^, 

for some p(t) satisfying \p'(t)\ < Kc 1 "^. In particular, ||u(T c ) — v#(T c ,. — p(T c ))\\ H i\ < 
Kc^wo, and so by Proposition 15.21 we obtain for a_, 6_ £l such that a_ — 6_ > ^T c , 

||u(T c ) - Q(. - o_) - Q c (. - 6-) - 26 2i0 (Q2) , (. - < Kc 1 "^ . (5.10) 

(m) Behavior as t — > +oo. 

First, since IKQc)'!!// 1 — Kc^, estimate (I5.10|) implies that for i = T c : 

||«(T C ) - Q(. - o_) - Q c (. - 6_)|| H i < i^cT5. (5.11) 

We apply Proposition 14.21 to u(t) (stability of the 2-soliton structure after interaction) with 
a = Kc3 , so that for w(t) = u(t) — Q(. — pi(t)) — Q c (. — P2(t)) 

Vt > T c , ^\\w(t)\\ H i < \\w x (t)\\ + ^\\w(t))\\ L 2 < Kc£, (5.12) 
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with pi(t), P2(t) satisfying 

T 1 

|pi(T c )-o_| <KS, \p 2 (T c )-b^\<KcK Vt>T c , Pl (t)- P2 (t) > -± + -(t-T c ). (5.13) 



Assume now that u{t) is also an asymptotic 2-soliton solution at +00. By Proposition 15.11 
(applied to +00) there exist xf , x% such that, for all t > \_ c 1 + 3§ , 

\\u{t) -Q{.-t- xf) - Q c (. -ct- x+)\\ H i < i^ e -^(( 1 - c )*-(4-4)). (5.14) 

We define 

+ _ x 2 — x 1 T c 
1-c 32" 

By (l5~T2l) and (jBTTlj) . we have for all t > max(T c ,T+), 

\pi{t) - (t + xf)\ < Kc^, \p 2 {t) - {ct + x+)| < Kc~* . (5.15) 

This is proved by considering the smallness of the L 2 norm of Q(. — pi(t)) + Q c (. — p 2 {t)) — 
Q(. — t — xf) — Q c (. — ct — xf) in the two regions x > \{p\(t) + p 2 {t)) and x < 2 {pi(t) + p 2 {t))) 
and the fact that for a small 

\a\ <K\\Q-Q(. -a)\\ L 2 \a\ < Kc~^\\Q c - Q c {. - a)\\ L 2. (5.16) 

Let us prove that T c > T c + . By contradiction, if T c + > T c , then by (|5.15p we have 

\ Pl {T+) - p 2 (T+)\ < |(1 - c)T+ + xf- x+\ + Kc-$ = §(1 - + Kc-l < 
From (I5TT3D . 

\ P1 (T+) - P2 (T c + )\ > \T C + \{T+ - T c ) > \T C . 

We obtain a contradiction from these two estimates and thus T c > T+. 

(iv) Conclusion of the proof. 

Let a+ = T c + xf and 6 + = cT c + xf . By (|5.14p , we know 

||u(T c ) - Q(. - a+) - Q c (. - b + )\\ m < if e -|M(Tc-T+ + ^) < Kc. 
Thus, from (pU0j) - (j5TTTj) and Proposition 0T2] 

|a_-o+| < \a--p 1 (T c )\ + \p l (T c )-(T c + xf)\ <K&, 

1 (5-17) 
|6_-6+| < |6_-p 2 (T c )| + | /92 (r c )-( C r c + x+)| <ETc3, 

and 

||(Q(. _ _) _ Q(. _ + ( Qc (. _ 6 _) _ Q c (. _ 6+ )) + 26 2i0 (Q c 2 )'(. - 6_)||hi < i^c 1 - w. 
Considering the L 2 norm in the region x < \{a + + b+), we obtain 

IIQc + 2fe 2 ,o(Qc)' - Qc{. ~ (&+ - b-))\\ L 2 < Kc 1 - 



1 

100 
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where min(a_, a+) > max(&_, b + ) + \T C . By scaling, it gives for b c = yfc(b + — b ), 

\\Q + 2b 2fi c^(Q 2 )' - Q(. - b c )\\ L2 < Kc^-^o, 
where \b c \ < Kcl. Thus, Q{x) - Q{x - b c ) = X c c 5 / 6 Q'(x) + c 5 / 6 o(l), where |A C | < K, so that 

||A c Q / -26 2i0 (Q 2 ) , || L 2 = o(l), 



which is a contradiction with the fact 62,0 7^ (Lemma 13. ip . 

Step 2. Behavior as t — > +00 of u(i). 

As in the previous step, we consider the solution u(t) which is an asymptotic 2-soliton 
solution at —00 i.e. satisfying (|5,9p . Recall that we have just proved: 

- u(t) is not an asymptotic 2-soliton solution at +00. 

- There exist pi(t), P2{t) such that w{t,x) = u(t,x) — (Q(x — pi(t)) + Q c (x — p2(t))), 
satisfies (|5.12p . (|5.13p . in particular 

Vt > T c , \\w{t)\\ H i < c~^\\w(t)\\ H i < Kc^. (5.18) 
(i) Stability properties of u(t) for t > T c . First, we claim 

/ x 2 u 2 (T c , x)dx < K. (5.19) 
This follows directly from integration of the following estimate: for all xq > 0, 

/ u 2 (T c ,x + pi(T c ))dx < Ke~^ x ° + Kexp(-c~*^)e-T6^ X0 . (5.20) 

J X>X.Q 

Let us prove (|5.20p . On the one hand, by monotonicity arguments on u(t) as in Lemma 1 of 



V 2 



(T c ,x)^(x- Pl (T c )-x )dx < J u 2 (-T c ,x)^(x- Pl (-T c )-xo-^)dx+Ke-T6 xo . (5.21) 



On the other hand, using I a ,y for a = c, yo = pi(—T c ) + xq + -?f , we get for any t < —T c , 



u (-T c ,x)^(Vc(x-pi(-T c ) -xq - -f))dx 
< J u 2 {t,x)^{^c(x - pi(-T c ) - x - \ - \t))dx + Ke~T6^ X0+ ^ . 
By (|5.9|) and letting t — > — 00, we obtain 

J u 2 (-T c ,x)ifj(^(x - pi{-T c ) -x - %))dx < Kexp(- C -^o)e-^^ xo . (5.22) 
Therefore, from (IST2TD . IET231) . 

/ u 2 (T c , x + pi(T c ))dx < - I u 2 (T c ,x)i>{x - pi(T c ) - x )dx and ip(Vcy) > ^ip(y), 



'X>XQ 
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we obtain ([530]) . 

Now, from (|5.19p and (|5.1ip . we can apply Proposition 14.21 to u(. + T c ), for t > (with 
a = Kcz). It follows that there exists cf, e\ > 0, x^jX^ £ K such that u> + (t) = — 
Q c +(. — — c^~i) — Q c +(. — x^" — c^~i) satisfies 



lim \\w + (t)\\ H i {x>ct/10) = with |c + - 1| < Kc^ . 

t— >+oo 



^ -1 



<K C 3. (5.23) 



Note also that from the stability (|5.1ip and (I5.23p . we obtain the following upper bound on 
w + (t) for t large enough: 

\\w + (t)\\ Hl < \\w + (t)\\ Hl{x< ^_ ct) + \\w+(t)\\ Hl{x>j _ ct) < \Ht)\\ Hlix< ^ oCt) + o(l) < Kc^. 

Therefore, to finish the proof of Theorem 11.14 we only have to prove the lower bounds on 
w+(t), cf- 1 and 1- 4- 

(ii) Lower bounds on the defects. Let t](t), g(t) and Cj{i) (j = 1,2) be defined from u{t) 
for t > T c as in Claim 14.31 and satisfying 

\\v(t)\\m(x>^t) ^ 0, c,-(t)->c+ asi^+oo (j = 1,2). (5.24) 

In particular, it is sufficient to prove the lower bounds on r/ (t) to obtain lower bounds on 
w + (t) for large time. We claim 

Vt>T c , \\v(t)\\ H i > K X S (Xi>0). (5.25) 

Proof of (I5.25|) . To prove this lower bounds using the defect {Q 2 )' in (I5.10p . we need to apply 
an argument of stability backwards in time, locally around the soliton i?2(i)- For this, we will 
use monotonicity type results on r](t) as in Claim l4~4l 
First, we claim 

/ rj 2 (T c ,x)dx> K c^ (K >0). (5.26) 

Proof of (|5.26p . Let e > to be fixed later and assume for the sake of contradiction that 
Jx< P2 {T c )+l-T c r i 2 (Tc,x)dx < e 2 c^ . Recall from (|5.1U|) that 

\\u(T c ) - Q{. - o_) - Q c {. - 6_) - 2b 2j0 (Q 2 c )'{. - b-)\\ L i < Kc. (5.27) 
Thus, as in step 1 (iv), we obtain for c small enough, 

||Qc(. - 6_) + 2b 2j0 (Q 2 c )'(. - 6_) - Q C2(Tc) (. - b + )\\ L 2 < KeS, 
and after scaling 

HQ + 26 2 , c§(Q 2 ) / - Qa(- - b c )\\ L 2 < Keel, 

for A = C2 P°) ; b c = y/c(b+ — &_). From orthogonality of even and odd functions in I? and 

> 0, we obtain 

\\Q + 26 2i0 cI(Q 2 ) / - Q{. - b c )\\ L 2 < Keel, 



parity of ^rQ c for any k > 0, we obtain 
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which is a contradiction for e small enough, as in Step 1 (iv) (62,0 7^ 0). Thus, (|5.26p is proved. 
Let e > to be fixed later and assume for the sake of contradiction that for some t' > T r , 



\\ V (t') \\ H i <ec 12. 

Let 4>2(t, x) = 1 — ip{^/c(x — P2{t) — \T C — |(to — t)) where ip is defined in (I4.32p and 



(5.28) 



M 2 {t) = / rft)ih, £ 2 (t) 



I„2 _ 1 

2' lx 5 



■02- 



From (|5.28p and the properties of R\, R 2 , we have 0^2(4') + — Ke 2 c" . Thus from 

Claim H3J integrated on [T c , t'], we have 



( C 2 "(T C ) - c z 2 q (t')) I Q 2 < -M 2 (T C ) + Ke 2 c 



2 it 
" 6 . 



^(^(Tc) - c^ +1 (0) - T%(^(T C ) - c*(f))) / Q 2 



2q + 



2 ±1 



>2£ 2 (T C ) + 1 ^M2(T C )-Ke z c 

From this, using the coercive functional of rj(t): &2(t) + \c2(t')M.2{t), and proceeding as in 
[25] Appendix B.3, we obtain successively: 

|c 2 (T c ) - c 2 (t')| <K !{rg + cr, 2 )(T c )^2 + Ke 2 c^ , 



fa* + cri 2 ){T c )i>2 < i^£ 2 c^ + £T|c 2 (T c ) - c 2 (t')| 2 < AVer, 

which contradicts (15.260 for e small enough. 

+ ct 

Finally, we prove the lower bounds on cj~ — 1 and 1 — — , using the two conservation laws, 
written as t — > ±00 and the bounds on w + (t). By (I5.9p and (15.230 . we have, for t large, 

J u 2 (0) =Jq 2 + Jq 2 c = Jq 2 4 + Jq 2 4+ J ( w +) 2 (t) + o(l), 
E(u(0)) = E(Q) + E{Q C ) = E(Q c +) + E(Q c +) + E(w + (t)) + o(l). 

By Gagliardo-Nirenberg inequality and the estimate ||w + (t)||^i < Kc~^, we have j(w + ) 5 < 
K\\w + \\^ I1 J (w + ) 2 < Kc% J (w + ) 2 and thus for t large enough 



E(w+(t))-U(w+(t)) 



<Kcl {w + (i)f 



Thus, by Claim ICTTl we obtain for t large 

1 



(c* - (4r) + a - (<?n Rj2 

(c 2 9 +l _ (4)29+1) + (1 _ (4)29+1) + 



(^+(0) 2 
1 

PI 



< Kc 4 , (5.29) 

(w+(i)) 2 <i^ct j{w + {t)) 2 + Kc 4 . 

(5.30) 
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Let a = (c 2q+1 - (c+) 2< ? +1 )/(c 2 «+ 1 - c(c+) 2 «), then <a< §^+i. Multiplying (15^91) 

by ca and summing (|5.3Up . we obtain, for c small enough, 

if(c+ - 1) > (c+) 29+1 ~ 1 > K J «) 2 + c(u; + ) 2 )(t) - i^c 4 > K c^. 

Similarly, set b = (1 - (cf ) 2 «)/(l - (c^) 2(?+1 ), then | < b < §, and multiplying (1QU|) by -6 
and summing (|5.29|) . we obtain, for c small enough, (q = j^) 

Kc l (l-^pj> c 2q - {4) 2q > K f {{wtf + (w + f)(t) > Kc*. 
This completes the proof of Theorem 11.11 

Proof of Remark 1 . The remark is based on the fact that for p = 4, 



i 



Q c = c 6 j Q. 

In the framework of the proof of Theorem 11.11 we consider u(t) the asymptotic 2-soliton 
solution at — oo with speed parameters 1 and c (c small enough). Let us prove by contradiction 
that u(t) is not an asymptotic iV-soliton solution at +oo. 

Assume that X)j=i Q c + (-~ x t~ c t^ Hl ~~ as i ^ +oo, where c\ > > ... > c^. 

Using the methods of [28], |19j and the fact that u(t) is an asymptotic iV-soliton solution both 
at ±oo, we have, for some Tq > large enough: 

Vt >T ,VxGlR, \u(t,x)\ < K22Q\(. -x+ -eft), 

which proves that u(t) G and in particular J u(t) = Iq is well-defined and constant 

in time. Moreover, u(t) — ^2f = i Q c +(- — xf — eft) — ► as t — > +oo in L 1 (IR), from the H 1 

j j j j 

convergence. A similar convergence in L 1 holds at — oo. 

_i _ i 

On the one hand, at — oo, Iq = lirm : _ > _ 00 f u(t) = f Q Cl + f Q C2 = {c x 6 + c 2 6 ) J Q. On 

1 7_ 

the other hand, at +oo, 1$ = J2j=i(°j) ^ I Q- Since by Theorem ll.il ||ti; + (i)|| L 2 < Kc^ 2 , we 
have <C (c^ ) 4 - Thus, Iq 3> (c^)~3 J Q, which is a contradiction, for C2 small. 



5.2 Existence of a 2-soliton-like solution. Proof of Theorem 11.21 

We consider first the case c\ = 1 and C2 = c, the general case following from a scaling 
argument. For any c > small enough, we consider u c (t) the global solution of 

dtu c + d x {dlu c + u 4 ) = ; u c (0,x) = v c (0,x), 

where v c (t) is the approximate solution constructed in Proposition 13. 1\ for ko, large enough 
but fixed. Recall also that A and A c are defined in Proposition 13. 11 By the parity property of 
x — > v c (0,x) and since equation (II. ip is invariant under the transformation x — * —x, t — * —t, 
the solution u c (t) has the following symmetry: 

u c (t, x) = u c (—t, —x). (5.31) 

Thus, we shall only study u c (t) for t > 0. We claim the following concerning u c (t). 
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Proposition 5.3 There exist cq > such that for allO < c < cq, there exist c x {c), c^~(c) > 0, 
and xf(c), (c) E M such that for 

w + (t,x) = u c {t,x) - Q c + (c) (x - c"[{c)t - x+(c)) - Q c + {c )(.x - ct(c)t - x^{c)) 

1. Asymptotic behavior: 

lim \\w + (t)\\ H ir x>ct /io) =0. (5.32) 

t— >+oo v ' ' 



\xf(c) - iA| < -FTcl, |a£ (c) - |A C | < ifc^. 



|c|(c) - 1| < ifc^, 



4(c) 



(5.33) 



/or t large, ±c% < \\w + (t)\\ H i < K min \\w pitP2 (t)\\ H x < K 2 c^, (5.34) 

w/iere w pi!P2 (t,x) = u(t,x) - Q c +^(x - pi) - Q^^ c )( x ~ ( 5 - 35 ) 

2. c \— > Cj(c) for j = 1,2 are continuous. 

Proof of Theorem \1.2\ assuming Proposition \5.3[ We claim that a rescaled version of Uc{t) for 
some c ~ c satisfies the conclusions of Theorem ll.2i 



From Proposition 15.31 the function h(c) = % c is continuous on (0, cq], moreover ^c < 

h(c) < |c. It follows that h((0, Co]) is an interval containing (0, \cq\. Thus, for any c G (0, ^co], 
there exists c such that 

< c < 2c, /i(c) = c. (5.36) 

Let 

_I / _3 _1 v 

tfl,c(t, x) = ip(t, x) = c 1 3 (c)Uc ( c x 2 (c)i, c x 2 (c)xj . (5.37) 

From Proposition E31 (IQ71) . (pOBT) . (pOTjh it follows that 99 satisfies (Pljl . Moreover, (fTTTH]) 
follows from (|5.34j) . 

Let ci > and C2 > such that c = ^ < eo small. Let 

I / 3 1 \ _l 
<Pci,c 2 (t,x) = clLpiAclt,clx\, Aj = Aj(ci,c 2 ) = c x 2 x+(c), j = 1,2. 

Then (p Cl ,c 2 verifies the conclusion of Theorem 1 1.2 1 Note in particular that (|1.15p follows from 
(g35D and ([3TTD|) . (fBTTBl . 



Proof of Proposition 15, .M . In steps 1 and 2 of this proof, we omit the c dependency. 
Step 1. Control of the modulation of u(t) for t >T C . 

" ~ 2 ~~ 100 



Applying Proposition 14.11 for t 6 [0, T c ], with Q = n§ — \ — ^L, we obtain, for some p(t), 



Vt € [0, T c ], ||n(t) - u(t, . - p(t))\\ H i < Kc 9 , (5.38) 



1 _j_ 
' 100 . 



where \p'(t) - 1\ < Kc°, p(0) = and so \p{T c ) - T c \ < Kc°~^"ioo by T c = c~2~ 

By (|3TTT|) and (IOH1) . and then by \\{Q 2 c )'\\ H l = Kc^ and 432D-(j3Jl, we have, for 9 > 2, 

\\u(T c ) - Q(. -a)- Q c (. - b)\\ H i {x>Tc/4) < Kc e < Kc 2 , (5.39) 
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V^|KT C ) - Q(. - a) - Q c (. - b)\\ H i < \\u(T c ) - Q{. -a)- Q c (. - b)\\ H i < Kc^, (5.40) 

for a = ^A + p(T c ), b = (1 — c)T c + ^A c + p(T c ), so that a — b > \T C . 

Therefore, from Claim POl and Proposition [321 we have the decomposition of u(t) in terms 
of rj(t), Cj(t), Pj(t) (j = 1,2) defined for all t > T c . 

Lemma 5.1 For all t > T c , < \\rj(t)\\ H i < KcM. 

Proof of Lemma I5.il (i) Upper bounds by stability properties. We use Claim liT3l which is a 
refinement of Proposition l4~2l (see proof of Proposition 2 in |25j). Let g(t) be defined from rj(t) 
by P~34~j) . Remark from ([5T39]) and the proof of Claim[0]in [25], that |ci(t)-l| + |a_ -pi(t)\ < 
Kc 2 and 

\\v(Tc)\\m( x >T c/i )<Kc 2 . (5.41) 

17 

Similarly, we obtain \\f](T c )\\ H if x<Tc /^ < Kc^ from (|5.40p . Thus, 



yWc) < K\\ V (T c )\\ H i {x<Tc/4) + \\v(T c )\U( x >t c /a) < Kc 



By ClaimO for all t > T c , \\r](t)\\ H i < ^/gjt) < K(^g(T c ) + exp(-c _ so )) < Kc^. 
(ii) Lower bounds by backwards stability. See proof of (|5.25p (Theorem II. ip . 

Step 2. Proof of asymptotic stability. 

From properties of v, we claim the following: 

/ x 2 u 2 (T c ,x + T c + ±A)dx < Kci, (5.42) 

Jx>£\lnc\ 

\pi{T c )-T c - ^| <Kc£, \p 2 {T c )-cT c -^\<Kcl. (5.43) 

See Appendix D.3 for the proof of (|5.42p and (|5.43|) , Note that the proof of (|5.42|) is based 
on monotonicity arguments on z(t) = u(t) — v(t, . — p(t)) as defined in (|4.12p in the proof of 
Proposition 14.11 

From (|5.40p - (]5.42p . we apply Proposition 14.21 to u{. + T c ) with a = Kcs: there exist cf, 
c\ > 0, xf, xf G M such that 

Cj{t) -> ct, Pj (t) - eft -> xj, as t -> +00, j = 1, 2, (5.44) 



where 



lim - u> + (i)|| H i (a . >rf/10) = 0, (5.45) 



w + (t, x) = Q c +(x - eft - xf) - Q c +(x - eft - xf), 

<Kc^. (5.46) 



4 ~ 1| < Kc^. 



\x+ + c+T c - Pl {T c )\<Kcs, \xf + c+T c - p 2 {T c )\<Kc-2. (5.47) 

From (|5.43p and (I5.47p . we finish the computation of xf . For xf, inserting ()5.43p in (j5.47j) . 
we obtain: \xf — (1 — cf)T c — |A| < Kc& . Since |1 — cf\T c < Kc^T c < Kcs , we conclude 
\x~l — ^A| < Kcs. Similarly for xf, we obtain from (I5.43P and (|5.47p . \xf — ^A c | < Kc^ . 
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From (|5.44p . \\rj(t) — w + (t)\\ H i — > as t — > +00 and thus, from Lemma 15.11 we obtain 

-^ct! < < for t large. From (|5.45[> . < min pi)P2 ||w pi ,p 2 (t)|| j f/i + 

o(l) for £ large where w PltP2 (t) is defined in (|5.35p and thus (|5.34|) follows. This concludes the 
proof of the first part of Proposition 15.31 

Step 3. Continuity of cf(c) and (c). 

Now, we prove that the maps c 1— > c^(c) is continuous. Let us denote by rj c (t), c c j(t), 
Cj(c), the parameters in the decomposition of u c (t). We claim: 

Claim 5.1 For all t > T c , 

\c+(c)-c Ctl (t)\ <K [(vlx + ri^xWix-piW + ^dx + Koe-^. (5.48) 

Assuming this claim, let us complete the proof of continuity of cf(c). Let < c < cq and 
let e > 0. Since \\Vc(t)\\H 1 (x>ct/lo) — > as t ^ +00, there exits T £ > such that 

Ko J (vh + 4)(T e ,x)i>(x - pi(T e ) + %)dx + K e-k^ T ' < e. 

We fix T £ > to such value. Then, by continuous dependence in H 1 of u c (t) solution of 
(II. ip upon the initial data (see [15]), and the fact that u c (0) = v c (0) is continuous upon the 
parameter c, there exists 5 > such that if |c — c| < S, then 

Ko J (r)c,x + Vc)(T £ , x)i/)(x - P i(T e ) + %)dx + K e-&^ Sr * < 2e, 
\cc,x(T £ ) -c Cil (T £ )| <e. 

From Claim [57l] applied to r/ c , r/g, we have |q (c) — c C) i(T £ )| < 2e and \cf(c) — cg,i(T e )| < e. 
Therefore, |c^(c) — cj~(c)| < 4e. Thus, c i— > c^(c) is continuous. We argue similarly for 
c I— ► 03(0) using a claim similar to Claim I5.ll on \c£ (c) — c c ^{t)\ (related to M.%{t) and 
£2{t)) and the previous result on cf(c). This concludes the proofs of Proposition I5.3I and of 
Theorem I1.21 

Proof of Claim 13771 The proof follows closely some arguments in [25J. For T c < to < t, let 
M\(t) and £\{t) be defined in Secion 4.3, with xq = From the conclusions of Claim 14*741 
integrated on [to,t], we obtain 

(cl q (t)-cl q (t )) [ Q 2 <(M 1 (t )-M 1 (t)) + Ke-^ ct0 , 



2^t(c? 9+1 (*) " cr\t )) - ^(cf (t) - cf (to))) / Q 2 

> 2E x {t) - 2Et{t Q ) + ^(Mi(t) - Mi(to)) ~ Ke-M^ ct °. 

Note in particular that JJ* e~ Te^ to+Xo) gi(t)dt < Ke~T* x ° < Ke~^ to . Letting f -> +00, by 
the asymptotic stability, this gives 

((c+) 2 « - c 2(? (t )) J Q 2 < Mx(t ) + Ke~^\ 
(^T((4) 29+1 " +1 (*o)) - -^((c^ - #(*,))) / Q 2 

> -2^ (t ) - -^Mi(fo) - Ke'^ . 
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Thus, we obtain 

\cf - Cl (t )\ <K f( V l + r, 2 ){t Q ,x)i,{x - pi(to) + l i)dx - Ke~^\ 



5.3 Stability of the 2-soliton structure. Proof of Theorem 11.31 

Without loss of generality, we prove Theorem 11.31 in the case c\ = 1 and C2 = c. We assume 

HO) - ¥>(0)|| H i <Kc 5+ ^, 

for 5 > 0, where o? is the solution constructed in Theorem 1 1.2 1 Let c > small satisfy % = c 
and A = l/cf(c). Then, 

||A3u(0, VXx) - \5cp(0, y/\x)\\ H i < Kc s+ ^. 

By construction of ip(t) in Theorem 11.21 A3</?(0, V\x) = v(0) where v is the approximate 
solution introduced in Proposition 13.11 corresponding to c for fco, £q large enough. Since the 
solution of (|l.ip corresponding to \su(0, y/\x) is \3u(\t, \/Xx), it is enough to prove the 
Theorem in the case 

||«(0) - v(0)\\ H i < Kc s+ T2. (5.49) 

By invariance of (II. ip by the transformation x — > —x, t — * —t, it is enough to prove the result 
for t > 0. 

(i) Estimates on [0, T c ]. By (I5.49P and Proposition 14. 1\ we obtain, for all t £ [— T C ,T C ], for 
some p(t), 

\\u(t) - v(t,x - p(t))\\ H i <Kc 5+ T2. 
From Proposition 13.11 we deduce, for some o, b, with a — b > \T C , 

\\u{T c ) - Q{. -a)- Q c (. - b)\\ m < K(c s+ T2 + c i§). (5.50) 

(ii) Estimates on [T c ,+oo). By (|5.5(J|) and Propositions 14.21 and 14.21 f° r an t £ Pc>+°o), 
there exist pi(t), P2(t) and cf , cj, such that (recall that for p = 4, q + | = X) 

IK*) " Q c +(- " WW) - Q c +(- - P2(t))||/ri < + c&), 



"l - l| < if(c a+ 6 +CT5 



L 2 

Co 



< iT(c 5 + C3). 



A Appendix — Proof of Proposition 12.11 

To prove Proposition Ell we decompose each of the terms I, II, III and IV obtained in (|2.13p 
in series of c^Q^, c i (Q^)'. In this decomposition (for future use in solving the systems (fife £)), 
we will separate terms depending on (k,£) and terms depending on (k',£') -< (k,£). 

Claim A.l 1. For r > 0, Q r c (y c )/3(y c ) = £ l+r<k<k +r 

o<e<e 
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2. Decomposition of fi" , (3 2 , (3' (3 and f3 3 . There exist aj,* £ , a 2 * e , af* e and a^* e depend on 
( a k',t') f or (k',£') -< (k,£) such that 

0"(y c )= Y ci Q k M a l% = Y ci Q k M4% 

l<fc<fc +p-l 2<k<2k 
0<e<£ +l 0<£<2£ 



0{vMvc)= E c e (Qc)\yc)aly, (3 3 (y c )= E c ^c(y. 

2<fc<2fc 3<k<3k 
0<£<2£o 0<e<3£ 



cj a i*i- 



Proof of Claim bTTTl The first formula follows immediately from the decomposition of /3(y c ) : 

(3(y c ) = E a k,iC £ Qc(yc). (A.l) 

- Decomposition of (5" . Using Lemma |2. 11 

P"(Vc)= E c?(Q k c y(y c )a k/ = E c * {^Q'M) - Q^Hvc)) o M 

(fe,i)6S l<fc<fc VP / 

0<£<£ 

= y ^Q k c {y c )k\ k ,_ l+ y (- (fc " p+1) i 2 i~ p+1) ^- P+ i,i) ■ 

l<fe<fc p<fc<fc +p-l VP / 

1<^<^ +1 o<^<^ 

Thus, /?"(y c ) = Si<fe<fco+p-i ce Qc(yc) a k*e' wnere (1 denoting the characteristic function) 

~o<e<£ +i 

1* ,2 , (fc-p+l)(2fc-p+l) 

a kt — K a k /-\i-( i<k<k \H — : a fe-p+i/- l /p<A,<fc +p-i\- \ A - Z ) 

\i<£<£ +i; p+i \ o<e<e / 

Thus, the coefficient a\* e depend on some (cifc',1') only for k', £' such that (k',£') -< (k,£) (more 
precisely, either k' < k and £'<£— 1 or k'<k — p+1 and £' < £) . 
- Decomposition of 1 . By (jA.ll) . 

f{yc)= Y c e ^Q k c ^(y c )a klA a k2/2 = Y <^c(lfc)a&, 

l<fci,fc 2 <fc 2<k<2k 

o<£i,£2<eo o<e<2e 



where 



a 2 * 



E a ki,ti a k-ki,e-ti- (A-3) 



max(fc— fco,l)<fcl<min(A;— l,fco) 
max(^-£ ,0)<£i<min(£/o) 

Note that the expression of a?*» above involves afc 1 / 1 with fci < k — 1 and afc_fc lj ^_^ 1 with 
k — k\ <k — \ since fei > 1. Thus it is checked that a k ^ does not appear in the expression of 

2* 

a k,t 

- Decomposition of (3' (y c )(3(y c ). 

(3'(y c )(3(y c )= Y ^(Qc^Y^j^a^a^ = Y c\Q h c )' (y c )a 3 k % 

l<fcl,fc2<Jfeo 1 2 2<k<2k 

0<h,h<eo 0<i<2£ 
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where 

a k*i = £ -^a klA a k _ ku£ _ ei . (A.4) 

max(fc— feo,l)<fei <min(fc— l,fco) 
max(€-^o,0)<^i<min(^,4) 

- Decomposition of /3 3 (y c ). By P 3 (y c ) = f3{yc)f3 2 (y c ) and the decomposition of ft 2 , 

l<fcl<fc 2<k 2 <2k 3<fc<3fe 

0<^i<£ 0<£ 2 <2^ 0<^<3£ 

where 

«M= £ fl f=i/i a tfci,Hr ( A - 5 ) 

max(fe— 2fco,l)<fci <min(fc— 2,fco) 
max(€-2^ ,0)<€i<min(^,4) 

A.l Decomposition of I = d t R + d x (d 2 x R -R + R p ) 
Lemma A.l (Equation of R(t)) 

1= c £ (Qj(y c )a M (-3Q + 2QP)'(y) + (Qj) / (y c )a M (-3Q ,/ )(y)) (A.6) 

(M)e£ 

+ E (oJ(yc)^(y) + (^'(vc)^/*)) , (A.7) 

l<fc<max(3fco,fco+P — 1) 
0<£<max(3£ /o+l) 

where e and G\ ^ are functions defined on M satisfying : 

0) Hp G\ t € y. 

(ii) £ and G\ t depend only on (a k ip) for k', I 1 such that (k',£') -< (k,£); 
(hi) F* £ is odd and G\ t is even. 
Moreover, Ff = 0, and for all £ > 0, G\ e = 0, and 

• Ifp = 2 then Fl = a lfi Q' + 3a? Q( 3 ), G\ Q = |a? >0 Q". 
. Ifp = 4 ffcen F| >0 = 3a 2 ;0 Q( 3 ), G^ = §a 2 Q". 
Claim A. 2 Let h(t,x) = g{y) = g(x — a(y c )), where g is a C 3 function. Then, 

d t h(t,x) = -(l-c)P(y c )g'(y), d x h(t, x) = (1 - (3{y c ))g' (y), 
d 2 x h{t,x) = (1 - 2/% c ) + /3 2 (2/ c )y (y) - (3'(y c )g'(y), 
d 3 x h(t, x) = (1 - 3/% c ) + 3/? 2 (y c ) - /3 3 (y c ))3 {3) (y) 

+ (-3/3' (y c ) + 3/3'(y c )/?(y c ))/(y) - P"(y c W(y). 
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Proof of Claim IXH Recall that y c = x + (1 — c)t and a'(s) = (3(s). Thus, 
d t h(t,x) = -^ a '(y c )g'(y) = -(1 - c)f3(y c )g'(y), 

d x h(t,x) = (i- ^'(vS) g'(y) = (i - PfaW (y)- 

Next, ^/i(t,x) = (1 - /3(y c ))V(y) - (3'(y c )g'(y), and so 

= -2/3'(y c )(l - 0(y c ))g"(y) + (1 - /3(y c ))V 3) (y) 

-P"{vcW{v)-P(vc)0--P(vc)W(v) 

= (i - /% c ))V 3) (y) - 3/?'(y c )(i - ftvJW'iv) - P"(y c )g'(y). 

Proof of Lemma \A.1[ - Expression of I. We claim 

I = /?(y c )(-3Q + 2gP)'(y) + (3'(y c )(-3Q")(y) + cf3(y c )Q'(y) + (3" (y c )(-Q')(y) 
+ /3 2 (y c )(3Q( 3 ))(y) +/3'(y c )/5(y c )(3Q")(y) +/3 3 (y c )(-Q (3) )(y) 
= Ii + 1 2 + 1 3 + 1 4 + Is + Ie + h 

Indeed, since R(t,x) = Q(y), by Claim PO| we have 

d t R(t,x) = -(l-c)l3(y c )Q'(y), 

d 3 x R(t,x) = (1 - 3(3(y c ) + 3/3 2 (y c ) - /3 3 (y c ))Q (3) (y) 

+ (-3/3'(y c ) + 3/3'(y c )/3(y c ))Q"(y) - /?"(y c )Q'(y). 
-^(t, x) = -(1 - 0(y c ))Q'(y), d x (R p ) = (1 - /3(y c ))(Q p )'(y). 

Thus, by arranging terms by increasing order of derivatives and powers of (3(y c ), we get 

I = d t R + d x {d 2 x R -R + R p ) 
= (Q" -Q + Q p )'{y) + f3(y c )(-3Q" -Q p + cQ)'(y) + f3'(y c )(-3Q")(y) 
+ 0'(y c )(-Q')(y) + f3 2 (y c )(3Q^)(y) + f3'(y c )(3(y c )(3Q")(y) + /3 3 (y c )(-Q (3) )(y). 

By the equation of Q, i.e. Q" — Q + Q p = 0, the claim is proved. 
- Decomposition of Ii and l2- These two terms give (|A.6j) . 

Ix = (3(y c )(-3Q + 2Q p )'(y) = ^ c e Q k c (y c )a k , e (-3Q + 2Q p )'(y), 

(M)e£ 

l2 = /3'(y c )(-3Q")(y)= £ c £ (g^)'(y c )a M (-3g")(y). 

(fc/)es 

- Decomposition of I3 = c(3(y c )Q'(y). 

13= E c £+1 Q c fc (y c )a M Q'(y) = £ c £ Q 6 fc (y c )F£(y), where = a M _iQ'. 

(fc^)eSo i<fc<fc 

i<f<^o+i 
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- Decomposition of I4, I5, Ig and I7. For these terms, we use Claim lATTl 

I 4 = E c e Q k c (y c )Fly(y) where F$(y) = 4>(-Q'(y)). 

i<fc<fc +p-i 
o<e<e +i 

I 5 = E ^MFl'M where J Ffe(2/) = 4: / (3Q( 3 ))(y). 

2<fc<2fc 
0<^<2^ 

16= E ^(Gc)'(lfc)Gfo(lO where G^fo) = 4%3Q")(y). 

2<k<2k 
0<e<2£ 

h= E ^(n c )F^(n), where F^(y) = a 4 ^(-0®)(y). 

3<fc<3fc 
0<£<3£ 

We check that F fc l3 £ , F* 4 ,, F^, Gj^ and F^ £ satisfy properties (i), (ii) and (iii). Set F^ = 

F U + F u + F u + F M and G M = G M> the y satisf y (0. (") and (iii)- 
To finish the proof of Lemma fA.lt we compute F* , G\ e , F 20 and F 20 . 

- k = 1: We check that F^ = 0, F^ = a\* (-Q') = 0, F^ Q = F^ = 0, so that Fj = 0. 
Moreover, for any ^ > 0, we have Gj o = G 1 ^ = 0. 

- k = 2: We check F 2 3 = 0. The term F 2 4 = a 2 * {—Q') depends on the value of p: from 
(TA~2ll . if » = 2 then F 2 l4 = ai i0 Q', and if p = 3 or 4, then F 2 l4 = 0. By dA~3|) . we have 
fJq = 3al* Q { V = 3af Q( 3 ) and by (CO]) . F 2 l7 = -a£ Q (3) = 0. Thus, if p = 2, we obtain 
ffj = a^oQ' + 3af Q( 3 ) and if p = 3 or 4, we obtain F^ = 3a 2 Q( 3 ). 

' Similarly, G 2i0 = G% = a 3 * (3Q") = §a? >0 Q". 

A. 2 Decomposition of II = d x ((R + R c ) p -BP- BP C ). 
Lemma A. 2 (Interaction term between R and R c ) 

II = E c& [Q k M)Fl] t {y) + (Q*)'(y c )Gg<(tf)) , (A.8) 

i<fc<fc +p-i 
o<e<e 

where for any k > 1, £ > 0, F**, G-^ satisfy properties (i), (ii) and (iii) as in Lemma \A.l\ 
Moreover, F 1>0 = p(Q p ~ l )\ G lfi = pQP' 1 , = G^ = 0, /or any I > 1, 

• If p = 2 i/ien 

Fg = -2a fe _ 1/ Q' ; /or any k G {2, A; + 1}, I € {0,4}- 

• // p = 4 i/ien 

F 2 n = (-4a lj0 Q 3 + 6Q 2 )', Gg, = 6Q 2 , Ggj = 0, /or any * > 1, 

F 3 n = (-4a 2j0 Q 3 - 6ai, Q 2 + 4Q)', G^ = 4Q, G^ = 0, /or any £ > 1. 
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Proof of Lemma \A.S\ 

• p = 2. Recall that R(t,x) = Q(y) and R c (t,x) = Q c {y c ). By Claim \KM and Claim EH 
we have 

II = 2d x (RR c ) = 2(1 - p(y c ))Q'(y)Q c (y c ) + 2Q(y)Q' c (y c ) 
= Q c (y c )2Q'(y) + Q' c (y c )2Q(y) + Q c (y c )P(y c )(-2Q'(y)) 

= Qc(y c )2Q'(y) + Q' c (y c )2Q(y) + E ^(y c )a fe _ M (-2Q')(y)- 

2<fc<fc +l 
0<£<^ 

• p = 4. As before, 

II = d x (4R 3 R c + 6R 2 R 2 C + 4i2i? 3 ) 

= Qc(yc)(4Q 3 )'(y) + Q' c (y c )(4Q 3 )(y) + Q c (y c )/3(y c )(-4Q 3 )'(y) 
+ Qc(y c )(6Q 2 )'(y) + (Q 2 )'(y c )(6Q 2 )(y) + Q 2 (y c )/3(y c )(-6Q 2 )'(y) 
+ Q 3 (y c )(4Q)'(y) + (Q 3 )'(y c )(4Q)(y) + Q 3 c (y c )f3(y c )(-AQ)' (y) 

= Qc(yc)(4Q 3 y(y) + Q' c (yc)(±Q 3 )(y) 

+ Q 2 (y c )(-4a li0 g 3 + 6Q 2 )'(y) + (Q 2 )'(y c )(6Q 2 )(y) + £ c^ 2 (y c )a 1 ,,(-4Q 3 ) / (y) 

1<£<£ 

+ Qc(y c )(-4a 2i0 Q 3 - 6a lj0 g 2 + 4Q)'(y) + (Q 3 )'(y c )(4Q)(y) 
+ E c £ Q 3 (y c )(-4a 2 ,,g 3 -6 ai/ Q 2 ) / (y) 

+ E c£ <3c(y c )(-4a fc _i^Q 3 - 6a fc „ 2 ,^ 2 - 4a fc _ 3/ Q)'(y) 

4<fe<fc +l 
0<£<4 

+ E c ' (Qc 0+2 (y C )(-6a jko ,,Q 2 - 4a fco _ M Q)'(y) + Q^ +3 (y c )(-4a fco/ Q)'(y)) . 

o<e<e 



A. 3 Decomposition of III = d x W — d x (CW) 
Lemma A. 3 (Linear terms in W) 

111= E ^ (Q*(y c )(-£^ M )'(y) + (Q^^ (A.9) 
(M)e£ 

+ E ^(Q c fc (y c )F fc II /( y ) + (Q c fc )'( yc )G I fc I l(y)), (A.IO) 

l<fc<4fc +2p-2 
0<^<4£ ( )+2 

where for any k>l,£>0, F^l and Gf\ satisfy: 

(i) Dependence property: Ffr} and Gpj depend only on (ah'/') an d (Ay/'), {By i 1 ) for k', 
£' such that (k',£') -< (k,£). 

(ii) Parity property: Let k £ {I, ... , 4k + 2p — 2}, I £ {0, . . . , 4£ + 2}. Assume that for 
any (k' ,£') -< (k,£), Ay/' is even and By/' is odd, then FlI is odd and Gj}j is even; 
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Moreover, = = 0; 

• If p = 2 then 

= ai,o(-3< " 2QA 1>0 )' - (3A' lfi + 3B'( fi + 2QB lfi ), 
= ^(-94,o " 3Bi', - 2g J Bi,o)' - (A 1)0 + 3B 1)0 ). 

• J/p = 4 i/ien 

*f,o = «i,o(-3< i0 -pQP-%,0)', = ^(-9A' 1>0 - 3^ - pQ^B^)'. 

First, we claim two preliminary results concerning III. 
Claim A. 3 Let k E N and Zei -A(x) 6e a c/ass C 3 function. Let w(t,x) = Q k (y c )A(y). Then, 

dtw - d x (Cw) = Q k c {y c ){-CA)'{y) 

+ Q k c (y c )P(y c )(-3A" - pQP-'A + cA)'(y) + Q k (y c )[3> (y c )(-3A")(y) 
+ Q k c {yc)f3"(y c )(-A'){y) + Q k {y c )f3 2 {y c )(3A^){y) 

+ Q k c {ycW{yc)f3{y c ){3A"){y) + Q k c (y c )P 3 (y c )(-A®)( y ) 

+ (Q k y(y c )(3A"+pQP- 1 A-cA)(y) 

+ (Q k c y(y c my c )(-6A")(y) + (Q k c y(y c )(3'(y c )(-3A')(y) + {Q k )' {y c )[3\y c )(3A"){y) 
+ {Q k )"(y c )(3A')(y) + (Q k )"(y c )(3(y c )(-3A')(y) + (Q k c )®(y c )A(y). 

Claim A.4 Let k E N and let B(x) be a class C 3 function. Let w(t,x) = {Q k )' {y c )B{y). 
Then, 

d t w - d x (Cw) = {Q k )\y c ){-CB)'{y) 

+ (Q k c )'{y c )l3{y c )(-3B" -pQ?- l B + cB)'(y) + (Q k J '(y c )(3> ' {y c )(-3B"){y) 

+ (Q k )'(y c )f3"(y c )(-B')(y) + {Q k )' (y c )^(y c ){3B^){y) 

+ (Q k y(y c )P'(y c )(3(y c )(3B")(y) + (Q k )' (y c )(3 3 (y c )(-B^)(y) 

+ (Q k )"(y c )(3B"+pQP- 1 B - cB)(y) 

+ (Q k )"(y c )P(y c )(-6B")(y) + (Q k )"(y c )P' (y c )(-3B>)(y) + {Q k )"(y c )f3 2 {y c ){3B"){y) 
+ (Q^f\y c ){3B')(y) + (Q k )^(y c )P{y c )(-3B'){y) + (Q k J 4 \y c )B(y). 

Proof of Claim I A. 31 Let A(t,x) = A(y) = A(x - a(y c )), and w(t,x) = Q k (y c )A(t, x). We 
first give the expression of dtw — d x {Cw) in terms of the partial derivatives of A. First, 

d t w = (1 - c){Q k )'{y c )A + Q k (yc)d t A. 

Since C(fg) = gZf - 2fg' - g", we have Cw = Q k {y c )(lA) - 2(Q k )' (y c )d x A - (Q k )"(y c )A, 
and so 

-d x (Cw) = -Q k {y c )d x (CA) - {Q k )'{y c )(CA) + 2{Q k )" (y c )d x A 
+ 2(Q k )'(y c )d 2 x A + (Q k J 3 \y c )A + (Q k )"(y c )d x A. 
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Thus, by arranging terms by increasing order of derivatives of Q k (y c ), we get 

d t w - d x (Cw) = Q k {y c ){d t A - d x (CA)) + (Q*)'(y c )((l - c)A - (CA) + 2d 2 x A) 

+ (Q k )"(y c )(3d x A) + (Q*) (3) (y C )A (A.ll) 

Second, we use Claim IA.2I to express the partial derivatives of A in terms of derivatives 
of A. We have 

d t A - d x (CA) = -(1 - c)(5{y c )A'{v) + (1 - W{Vc) + 3/? 2 (y c ) - 3 (y c ))A® (y) 
+ (-3/3'(y c ) + 3f3'(y c ){3{y c ))A"(y) - (3"{y c )A'(y) 
+ {l-{3(y c ))(-A+ P QV- 1 A)'(y) 
= (l - 3(3{y c ) + 3/3 2 (y c ) - (i z {yc))A^(y) + {-W'(y c ) + 3f3'{y c )f3{y c ))A'{y) 
+ (1 - c(3(y c ) + f3"(y c )){-A)(y) + (1 - /3(y c ))(^- 1 yl)'(y). 

Thus, by arranging terms by increasing order of derivatives and powers of (3(y c ), we get 

dtA - d x (CA) = (-CA)'(y) + /% C )(-3A" - pQ^ 1 ^ + cA)'(y) + (3'(y c )(-3A")(y) 
+ /?"(y c )(- J 4')(y) + /3 2 (y c )(3A( 3 ))(y) + f3\y c )(3(y c )(3A")(y) + /? 3 (y c )(-^ 3 >)(y). 

Similarly, 

(1 - c).4 - (ZU) + 2d 2 x A = -cA + 3c%A + P Q p - 1 (y)A 
= -cA(y) + 3(1 - 2(3(y c ) + (3 2 (y c ))A"(y) - 3(3' \y c )A \y) + P Q^\ y )A{y) 
= (3A" + P Q P ~ 1 A - cA){y) + f3(y c )(-6A")(y) + f3' (y c )(-3A)(y) + f3 2 (y c )(3A")(y), 

and 

3^ = 3A'(y)-3/% c )A'(y). 

Inserting all this into (lA.llj) . we obtain Claim lA73l Proof of Claim lA~4l is the same. 

Proof of LemmaEM We recall W(t, x) = £ (M)eEo c l Q k c (y c )A Kl (y) + c"(Q k c )' (y c )B k/ (y). To 
expand III, we use Claims K33E31 on W(t,x). We obtain III = £( M )eE c e Ill(k,£), where 

III(k,£) = Q k (y c )(-CA k/ )'(y) + (Q k )>(y c )(3A'> )i +pQP- 1 A k/ - (CB k>i )')(y) 
+ c(Q k )'{y c ){-A k/ ){y) 

+ (3{yc)Q k (yc)(-3^ / -pQ p - 1 A k/ )\y) + (3{y c ){Q^ 

+ c(3(y c )Q k {y c ){A Kt ){y) + c(3(y c )(Q k )' ' {y c ){B' k/ ){y) 

+ P'(y c )Q k (y c )(-3Al e )(y) + P'(y c )(Q k y(y c )(-3A' k/ - 3B' k \ e )(y) 

+ f3"(y c )Q k (yc)(-A' k/ )(y) + P"(y c ){Q k )'{y c ){-B'^){y) 

+ P 2 (y c )Q k (y c )(3A { k 3 })(y) + p 2 (y c )(Q k y(y c )(3Al e + 3B$)(y) 

+ /% c )/% c )Q*(y c )(3< £ )(y) + ' (y c )(3(y c )(Q k )' (y c )(3B' k \ e )(y) 

+ /? 3 (y c )Q c fe (y c )(-4 3 J)(y) + PHyc)(Q k J(yc)(-B { k 3 })(y) 

+ (Q*)"(y c )(3A^ + 3B' k \ e + pQP-^wXv) + (Q*)< 3 >(jfc)(A M + 35^)(y) 

+ C (Q c fc )"(y c )(- J B M )(y) 
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+ f3(y c )(Q k )"(y c )(-3A> k/ - BB" k4 ){y) + (3(y c )(Q k J 3 \y c )(-3B' k/ )(y) 

+ (5'(y c )(Q k )"(y c ){-3B> Kl ){y) + (3\y c )(Q k )" (y^B'^y) + (Q k )^ (y c )B k/ (y) 

= III! + III 2 + III3 + III4 + HI5 + III 6 + III 7 + III 8 + Illg + III10 + IIIu + III12 + ni 13 . 

For j € {1, ... , 13}, we denote IIL, = E(fc,£)e£ In i- 
- Decomposition of 111%. This term gives (|A.9|) : 



IIIx = E c ' (Qc(yc)(-CA k/ y(y) + (Q k c )'(y c )(3Al e +pQ^ 1 A k/ - {CB k/ )'){y) 
(M)e£ 

For the other terms, by elementary calculations, we obtain: 

III 2 = Y, c'iQ^'iyJG^iy) where G I k f(y) = (-A k/ _ 1 )(y). 

l<k<k 

i<e<e +i 

III 3 = E c"Q k {y c )Flf{y)+ £ c\Q k )'{y c )G l ${y), where 

2<k<2k 2<k<2k 
0<£<2£ 0<£<2£ Q 

F lf(v) = E akiAi-Mk-k^-h -pQ p - l A k _ kl ^)'{y). (A.12) 

max(fc— fco,l)<fci<min(fc— l,fco) 
max(£-£ ,0)<£i <min{l,l 



Ilia/ x k ~ k 



Glf(y)= E 



max(/c— fco,l)<fci<min(fc— l,fco) 
max(£-£ ,0)<^i <min(£,£ ) 



1 k 



x (-^k-^-tx-^k-^-tx -pQ^Bk-k^-iJiy)- 

From ()A.12p . we easily check property (i) since in the sum defining F} 1 } 3 , we have k\ < k — 1 
and k — k± < k — 1; moreover, < ^1 < ^ and I — t\ < I. The parity statement (ii) is also 
easily checked, as in the rest of this proof. Thus i 7 * 1 / 3 satisfies properties (i) and (ii). 



1114 = E c " (Q k c(yc)Flf{y) + (Q k c )'(yc)G l k f(y)) , 



where 



2<k<2k 

i<£<2e +i 

max(fc— fco,l)<fci <min(fc— l,fco) 
max(e-e -1,0) <£i <min(£- 1 ,£ ) 

G M 4 (y)= E a kiA—j^- B 'k-k 1 ,e-e 1 -i(y)- 

ma,x(k—ko,l)<ki<min(k—l,ko) 
max(£-£ -l,0)<£i<mm(£-l/ ) 

III 5 = £ c £ (Q c fc )'(y c )G^(y) + £ ^(^^(y), where 

2<k<2k 2<k<2k +p-l 
0<£<2£ 0<e<2£ +l 
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where 

max(fc— fco,l)<fci <min(fc— l,fco) 
max(£-£a ,0) <£i <min(£,£ ) 



^"/'(y) = X) ^ ~ fe l) *iA( _aA fc-fci^-/i-l ~ 3B fc-fei/-4-l)(y) 

max(fc— fco <min(fe— l,fco) 

max(f -£ - 1 ,0) <l\ <min(£- 1,4) 

2fc 1 (fc-fci-p+l) 

+ —^i afc iA ( A - 13 ) 

max(fc— fco — p+l,l)<fci<min(fc— p,fco) 
max(^-^ ,0) <li <min(t,£ ) 

satisfy properties (i) and (ii). In (|A.13|) . the first sum term has no contribution for k such 
that max(fc — ko, 1) > min(fc — 1, k$) (i.e. k = 1 or k > 2ko), and similarly for the condition 
on I. We will use this notation in all sums appearing in this proof. 
For the next terms, we use Claim 1X70 

iii 6 = E c ' (Q k M F lf(v) + (Qc)'(y c )G™ 6 (y)) , 



2<fc<2fc +p-l 

o<e<2e +i 



where 



Fifty) = E ^(-WM 



where 



max(fc— fco,l)<fci<min(fc— l,fco+p— 1) 
max(^o,0)<£i<min(^o+l) 

G k?(y) = E k -^all h (-B' k _ kl ,,- h )(y)- 

max(fc— fco,l)<fci <min(fc— l,fco +p— 1) 
max(£— £ ,0)<£i<min(£/ +l) 

III 7 = £ ^(Q c fc (y c )F fc n / 7 ( y ) + (Q 6 fc y(y c )G^(y)), 

3<fc<3fc 
0<^<3£ 

Fifty) = E < A (34 3 2 fcl ,.-4)(y)' 

max(fc— fco,2)<fci<min(fc— l,2fco) 
max(£-£ ,0)<fi<min(^2£ ) 

G'S^y) = E ^^aC^U^ + 3£fc\,^»- 

max(fc— fco,2)<fci<min(fc— l,2fco) 
max(£-£ ,0) <li <mm(£,2£ ) 

m 8 = E c& (Q k M4f(y) + (Qc)'(yc)G l k f(y)) , 

3<fc<3fc +p-l 
0<£<3£ +l 

where 

Glf(y) = E ^^(s^m^)) 

max(fc— fco,2)<fci<min(fc— l,2fco) 
max(^-£ ,0)<£i<miii(£,2£o) 
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F lf(y) = E k ^ k ~ (^w-^-i (2/)) 

max(fc— fco,2)<fci<min(fe— l,2fco) 
max{i-i -l,0)<ii<BUJa(i-l,2i ) 

, V" 2fci(fc-fci-p+l) „ 

+ ^TPi a ki,t 1 K iitf k-ki-p+l,e-£iKy)j- 

max(fc— fco— p+l,2)<fci<min(fc— p,2fco) ' 
max(£-£ ,0)<£i<min(^,2^o) 

III 9 = ci {Q k c(yc)Flf{y) + {Q k c )'{yc)G l ^{y)), 

4<fe<4fc 
0<^<4£ 

</ 9 (y)= E < A (-41 1 ,-, 1 )(y) 

max(fc— fco,3)<fci<min(A;— l,3feo) 
max(£-£ ,0)<^i<min(£,3£ ) 

g£?(v) = E ^<A(-4- ) fcl ,-, 1 )(y)- 

max(fc— A;o,3)<fci<min(fc— l,3fco) 
max(£-£ ,0) <f i <min(£,3£ ) 

Using from Lemma [2.11 the expression of (Q k )": 

III 10 = (^Q k MFlf w (y) + c\Q k c )'(y c )G™ lo (y) 



where 



l<fc<fc 

1<£<£ +1 



p<k<ko+p— 1 
0<£<£o 



E ^Q^(y c )F fc n ;-(y) + ^(Q c fc )'(y c )G*7° (y) 



where 



77 m ?0/ \ (fc ~P+ l)(2fc ~p+ 1) , „ /TP-Id V \ 

F M (y) = i 3A k- P +i,£ + 3 B k-p+i,e + P<2 #fc-p+v) (y) , 



G , M 10 (y) = fe 2 (A M _ 1 + 3^_ 1 )(y), 

,m? ,. A _ (fc-p + l)(2fc -p + l) i 
P+l 



G k,£ W = ;m (^fc-p+i/ + 3S fe _ p+1) ^)(y). 



We set f ki - £ k j + , U k £ - Lx k l + u ke 
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III n = E c i Q k c (y c )F k U ^(y)+ E ^M^iv) 



l<k<k p<k<k +p-l 

2<e<e () +2 i<e<e +i 



where 



pillow v ,2/ R \ / \ pHifw s (A: - p+ l)(2fc - p+ 1) 

F k,e (y) = k (- B k,i-2)(y), F k/ n {y) = — j-^ B fc _ p+ i^_i(y). 



68 



We set F™ 11 = F™" + F," 1 ". 



III 



12 



£ (cU fc ( yc )F fc n ;-( y ) + ^(0*)'(y c )G{; ia (y)) 

2<fc<2fc 

i<e<2e +i 

+ E (^Qc(y c )F fe I f 2 (y) + c\Q k c )'(y c )Gf^(y)) , 



p+l<k<2k +p-l 
0<e<2£ 



where 



max(k—ko,l)<ki<min(k—l,ko) 
max(£-£ -l,0)<^i<min(^-l/ o ) 

pin? 2 , , V „ (fc-fci-p+l)(2A;-2fci-p+l) 
*M W)= 1^ 

max(fc— ko— p+l,l)<fci<min(fc— p,ko) 
max(£-£ o ,0)<£i<min(£,£ o ) 

X ( 3j4 fc-fci-p+l/-^i + 6 -Bfe-fe 1 -p + l^-f 1 )(y), 

max(fc— fco,l)<fcl <min(fe— l,ko) 
max(^-£ -l,0)<€i<min(^-l,4) 

^m? 2 , , v-^ {k-k 1 -p+l) 2 (2k-2k 1 -p+l) 

k ' e {y)= 22 ^pi) a ki,ii 

max(fc— ko— p+l,l)<fci<min(fc— p,ko) 
max(£-£ ,0)<^i<min(£/ o ) 

x 3B' k _ kl _ p+he _ ei (y). 

We set Fg*" = F™" + F k 'f\ = <f 2 + . 

The last term III13. is the sum of three different terms. 
The contribution of P'(y c )(Q k )"{y c )(-3B' ke (y)) is 

E c e (Q k c y(y c )G I k f*(y)+ £ c'(Q c fe )'(y c )<f 3 (y), 

2<k<2k p+l<k<2k +p-l 

i<e<2e Q +i o<e<2i 

where 

max(fc— fco,l)<fci<min(fc— l,fco) 
max(^-A, -1,0) <£i <min(€- 1 ,£ ) 



and 



^m? 3 , , fci(fc-fci-jH-l)(2fc-2fci-p+l) 

max(fc— feo— p+l,l)<fei<min(fe— p,ko) 
max(e-e ,0) <^i <min(£ ,4 ) 

)(*)■ 
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The contribution of (5 2 {y c ){Q k c )" {y c ){Wl t {y)) is, using (TO|) 

Y, c"Q k c {y c )F l ^{y)+ £ c e Q k (y c )F^(y), 



3<k<3k p+2<k<3k +p-l 
1<^<3£ +1 0<e<3£ 



where 



F l? 3 ^ = E (k-ki) 2 <A$Bk-k 1 4-t 1 -i)(v), 

max(fc— fco,2)<fci <min(fc— l,2fco) 
max{£-£ -l,0)<ii<m.m(i-l,2e ) 

p III? 3 , v _ V- (fc-fci-p+l)(2fc-2fci-p+l) 

max(fc— fco— p+l,2)<fci<min(fc— p,2fco) 
max(£-£o,0)<£i<min(^,2^,) 

X a fc^l( _ 3-Bfc_fe 1 _ p+ i ) £_^ 1 )(2/). 



From Lemma |2.1|, the contribution of (Q k )^ (y c )B(y) is 



i<fc<fc p<fc<fc +p-i 

2<^<£ +2 1<£<£ +1 

2p-l<fc<fc +2p-2 
0<£<f 



where Fl I } 13 (y) = k 4 B k/ _ 2 {y), 



,-,111*0, x (fc~p+l)(2fc-p+l) .n ,2^n / \ 

F M (?/) = ~ J ((k-p+l) 2 + k^Bk^^y), 



FSHv) = (k-2 P + 2)(k- P+ l)^^p^B^ p+2A y). 



We set = fjf" + fjf» + jJjS. + ^ + pjnk ^ = + G g3, > so that 

niis = E c ' (Qc(2/cX/ 13 (y) + (Q k c )'(yc)G l ^(y)) . 

l<fc<max(3fc +p-l,fco+2p-2) 
0<^<max(3^o+l/o+2) 



Finally, we set f™ = ^ , G" 1 = ££ 2 ? 



in 



We now finish the proof of Lemma [A. 31 by computing explicitely Ff q 1 , G^q , -Ffo 1 an< ^ ^2 
We first check -F^q 1 = G^ 1 * = 0. For i 7 * o 1 ; we niake the following observations: 

• 4o 3 = a i,o(-3^ l0 " PQ^A^)'; F 2 n l4 = F 2 n l5 = 0; F 2 n Ie = since a\* = 0; 
piii7 _ pills _ pHi9 _ j?m\o _ n- 

• r 2,0 — r 2,0 — r 2,0 — r 2,0 — u ' 

ttt2 TTT^ 

• For p = 2, we have F 2 10 = -(3^ + 3B'{ + 2QB lfi ), for p = 4, we have F 2 10 = 0. 
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• All the remaining terms in F^q are checked to be zero. 
Similarly, we check that the only non zero contributions to G?, 1 * are 

• G™ 3 = iai,o(-6^ )0 - W{ -pQP- 1 B li0 )'; G™ 5 = iai, (-3A' li0 ); 

• if p = 2, Gffi = -(A 1>0 + 3B' lfi ), and if p = 4, G™ 9 = 0. 
Thus, summing up, Lemma IA.3I is proved. 

A.4 Expansion of IV = d x ((R + R c + Wf — (R+ R c f - pRP^W) 
Lemma A.4 (Nonlinear terms in W) 

iv = ct {Q k MF™(y) + (Q k c)\yc)G™(y)) , 

2<fe<(p+l)fc +12 
0<£< (p+l)£o +4 

where F k ^ and GjEX are functions defined on R satisfying 

(i) Dependence property: F k ^ and G\ v e depend only on (ay/') and (Ay//), (By//) for k', 
£' such that (k',£') -< (k,£). 

(ii) Parity property: Let k G {1, . . . , (p + l)ko + 12} ; £ £ {0, . . . , (p + 1)£q + 4}. Assume 
that for any (k',£ f ) such that (k',£ r ) -< (k,£), Ay y is even and By/' is odd, then FFg 
is odd and G^ is even. 

Moreover, 

• If p = 2 then 

F™ = (2A lfi + A\ Q )' , G™ = 2A lfl + A% + (B lfi + A lfi B ltQ )' . (A.14) 

• If p = 4 then 

F™ = (\2A lfi Q 2 + GAloQ 2 )' (A.15) 

GJJ = 12A li0 Q 2 + 6A? Q 2 + (6S 1>0 g 2 + 6A 1i0j Bi, Q 2 )' . (A.16) 

Proof of Lemma\A^ Set N = (12 + R c + W) P - (12 + 12 c ) p - pJS^W. First, we determine 
and G^ such that 

N = E c ' (Qc(y c )F fc » + (Q k J(y c )G% e (y)) . (A.17) 

Second, we differentiate formula (|A.17h with respect to x to get the decomposition of IV. We 
treat only the case p = 4, the case p = 2 is similar and easier. 

• p = 4. 

N = 4 ((12 + 12 c ) 3 - ii 3 ) W + 6(12 + R c fW 2 + 4(12 + 12 c )iy 3 + W A 
= 12R 2 R C W + 12i212 2 W + AR Z C W + 6R 2 W 2 + 121212 C VF 2 + 6R 2 C W 2 

+ 4RW 3 + 412 C W 3 + 
= Ni + N 2 + N 3 + N 4 + N 5 + N 6 + N 7 + N 8 + N 9 . 
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Terms Ni, N 2 , N 3 . 

Ni = Q c (y c )(12WQ 2 (y)) 



£ c l ( Q k c (y c )(l2A k _ he (y)Q 2 (y)) + (Q*)'(i/ C ) V ( 125 *-M^) GO 



2<fc<fc +l 

o<£<4 



N 2 = Q 2 c (y c )(12WQ(y)) 

E ^ ( Q*(y c )(12^_ 2) ,(y)Q(y)) + (Q*)'(y c )^ (12B fc _ 2)/ Q) (y) ) ; 



3<fc<fc +2 

o<e<e 



N 3 = Ql(yc)(4W) 

^ fQ*(j, c )(4A fc _ 3 ^(y)) + (Q*)'(ifc)^ (4B fc _ 3l /) (y) 



4<fc<fc +3 
0<£<£ 

For the next three terms, we first need to expand W 2 : 



w2 = E ^(QcHi/c^faAd/J + ^cO'Cvc^^Cy) 



l<fcl<fco 

0<^i<£ 



E c ' 2 Qc 2 (y c )^ 2 / 2 (y) + (Qc 2 )'(yc)B k2/2 (y) 



l<k 2 <k 

o<e 2 <(-o 



Using Lemma [271 



w 2 = J2 c£ Qc(yc) E A fciA(f) A *-*x^(f) 

2<fc<2fco max(fc— fco,l)<fci<min(fc— l,fco) 

0<^<2£ max(£-£ ,0)<^i<min(£,£ ) 

+ ^ c^Q*(y c ) ^ (fci(fc-fcl)fl* 1 A fl *-*iM-i)(l') 

2<fc<2fco max(fc— fco,l)<fcl<rnin(/c— l,fco) 

1<£<2£ +1 max(£-£ -l,0)<^i<min(£-l,£ o ) 

+ Yl c "Q k M E (-1^-^-3)^^1-3,^0(2/) 

5<fc<2feo+3 max(fc— fco — 3,l)<fci<min(fc— 4,fco) 

0<l<2l max(£-£ ,0)<^i<min(f^ ) 

+ E ce (QcY(yc) E ^^^M^W-ftfe)- 

2<fe<2fco max(fc— fco,l)<fci<min(fc— l,fco) 

0<^<2£ max(£-£ ,0)<€i <min(^,i ) 

Therefore, 

W "= E ^(^(Vc^^ + W^'CVe)^)), ( A -!8) 

2<fc<2fc +3 
0<^<2^ +l 

where ^ and S| ^ can be extracted from the previous formula. 
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Terms N 4 , N 5 and N 6 . 

N 4 = 6W 2 Q 2 (y) 



E c £ (Q k c (y c )(6A* k4 Q 2 )(y) + (Q k )'(y c )(6Bl e Q 2 )(y)) ; 



2<fc<2fc +3 
0<^<2^ +l 



N 5 = Q c (y c )W 2 (12Q(y)) 

£ c " (Q k c(ycKl2Al^ e Q)(y) + (Q k c )'(y c )^ (l2i$_ lf£ Q) {y)\ ; 



3<fc<2fc +4 
0<^<2£ +l 



N 6 = Q^(y c )(6^ 

£ c ' (Q k Mm- 2 Ay)) + (Qc)'(yc)^ (fifl^) ( y ) ) . 



4<fe<2fc +5 
0<£<2^ +l 

For the next two terms, we expand W 3 = WW 2 using (lA~l"8jk We get 

W "= E c " (Q k M A t%y) + (<#)'(lfc)iJ&(v)) , (A 

3<fc<3fc +6 
0<£<3£ +2 

where and B k * e are explicit in terms of A k ^ and -Bfc^ , A* k ^ and B| ^. 

- Terms N7 and Ns. 

N 7 = AW*Q{y) = E c " (Qc(y c )(4Q^)(y) + (Q c fe )'(y c )(4Qi^)(y)) , 

3<fc<3fc +6 
0<^<3£ +2 

N 8 = AQ c {y c )W\y) = £ ^ (^focX^J^Xy) + (0*) ; (ye)(4BjE!. w )(y)) • 

4<fc<3fe +7 
0<^<3£ +2 

- Term N 9 = VF 4 . By using VF 4 = VF 2 VF 2 and ([ATT8]l . we get 

N 9 = E c ' (^c(y c )^:;(y) + (g c fc )'(y c )i?M(y)) , 

4<fc<4fc +9 
0<£<4^ +3 

where -A£* £ * and 5"/ are explicit in terms of A* kl and B* kt 
Next, ' 



IV = d x (N) = E c'[(Q k c )>(y c )F™(y) + Q k c {y c ) {(F^)'(y) - f3(y c )(F™)> (y)) 

2<fc<4fc +9 
0<£<4£ +3 

+ (Q k c )"(yc)G^(y) + (Q k )'{y c ) ((G^)'(y) - /% c )(Gf, )'(y)) 
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Thus, 

IV = £ c e Q k c (y c )(F™y(y) 

2<fc<4fc +9 
0<^<4£ +3 

3<fc<5fc +9 max(fc-4fc -9,l)<fci<min(fc-2,fc ) 

0<£<5£ +3 max(£-4^o-3,0)<£i<min(£A) 

2<fc<4fc +9 5<fc<4fe +12 
l<g<4i +4 0<^<4£ +3 

+ E ci (Qc)'(yc) + (G&yfc/)) 

2<fc<4fc +9 
0<^<4£ +3 

+ E c '(Qc)'(y c ) E ( A - 2 °) 

3<fc<5fc +9 max(fc-4fc -9,l)<A:i<min(fc-2,fco) 
0<£<5£ +3 max(f-4^o-3,0)<£i<min(£^ ) 

It follows that IV can be written as 

IV = E c"[Q k MF^{y) + {Q k c )'{y c )GZ(y)), (A.21) 

2<fc<max(5fc +9,4fco+12) 
0<£<max(5£ +3,4£ +4) 

where F*Y and G^g can be extracted from the previous calculations. Let us check that Fj^ 
and satisfy properties (i) and (ii). 

Dependence property (i). In the decomposition of Ni, the function in factor of c e Q k is 
12Ak~i/Q 2 and the function in factor of c?(Q k )' is ^^-{^B^-i^Q 2 )- In the decomposi- 
tion of W 2 , in factor of c e Q k , we have sums where k\ < k — 1 and k — k\<k — l since k\ > 1; 
moreover £1 < £ and £ — £1 < £ Similar remarks apply to the other terms in N. 

Thus, Fu*t and GFp contain (Ay p) and (By only for (k',£') -< (fc,^) (in fact k' < k — 1 
is always true). From (1A.20R it is clear that the same is true for F$ and G^. Note m a 
similar way that when (ay £') is envolved in some formula for FFf and G?X it is only for 
(k',H) -< (k,£). 

Parity property (ii). Assume that all (Ay ^/) are even and all (By ^i) are odd. From the 
decomposition of the various terms of N, it is easy to observe that all (F^) are even and all 
(G^ e ) are odd. Then, formula (lA~20l) ensures that all (FFf) are odd and all (Gj^) are even. 

To complete the proof of Lemma IA.4} we only have to compute F™ and G^q . 
By (|A.20[) . we have F™ = (F^ )', and so we are reduced to compute F^q. We give below 
the contribution of each N,- for j = 1, . . . , 9 to F^: 

• For Ni, the contribution is 12 A\flQ 2 \ 

• The contribution of N4 is 6A2 Q 2 = 6 A\ Q 2 , by the expression of W 2 ; 

• The contribution of all the other terms N2, N3 N5, ~Nq, N7, Ns and Ng is zero. 
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Therefore, F% = (F 2 N )' = (l2A lfi Q 2 + 6Af Q 2 )' . 

By (|A.20j) . we have = F^ + (G^ )' . Since F^ was computed above, we are reduced 
to compute G^o- We give below the contribution of each Nj for j = 1, . . . , 9 to G^ : 

• For Ni, the contribution is 6i?i 5 oQ 2 ; 

• The contribution of N 4 is 6B% Q 2 = 6A lfi B lfi Q 2 , by the expression of W , 

• The contribution of all the other terms N2, N3, N5, Ng, N7, Ns and N9 is zero. 
Therefore, 6?£J = 12^i, Q 2 + 6A 2 Q 2 + (65i, Q 2 + e^i.o.Bi.oQ 2 )' . 

A. 5 End of the proof of Proposition 12.11 

By Lemmas I A. ll - tA~4l we only have to sum the various contributions of I, II, III and IV to 
prove Proposition 12.11 Setting 

Fk,e = F k,e + F kj. + ^fc" + F k/ > and G k,e = G\t + G l kl + G™ + G™, 

we obtain the formula of Proposition 12.11 for S(t, x). Properties (i) and (ii) have been checked 
on the functions F^, F**, F* 1 /, F*J and G l k£ , G l k l p G™, G™, and so they are also true on 
Fk,t and Gf.,e- 

The expressions of -Fi,o, G^o, i^o and G^o are obtained from Lemmas I A. 1HA.41 Observe 
that the only nonzero contribution to F10 and Gi 5 o comes from F\\ and G^, we obtain 
F lfi =p(Q p - 1 )' and G lfi =pQ p - 1 . 



B Appendix — Lemma IB.l 



Lemma B.l (Structure of F kt i and Gk,i) Let (k,£) be such that 1 < k < Kq, < £ < Lq, 
with (k,£) / (1,0). Assume that for all 1 < k' < k , < £' < £ such that (k',£') -< (k,£), the 
functions A k < ^ and B k i y verify 

Ak>,e' = A k ' ti t + A k '^i + (pAk> t gr, B k i^i = B k i£i + Byy + (pB k > t £t, (B.l) 

• A k r gr, B k / £i £ y- } the function A k i^i is even and the function B k i^/ is odd; 

• A k i^i and B k > p are even polynomials; A k i^> and B k /^i are odd polynomials. 

Then the functions F k ^ and G k) i obtained in Proposition ^. l\ from (a k >/i), (A k i^i) and {B k i^i) 
are such that 

Fk,e = Fk,i + Fk,e + (pFk/, G k j = G k ^ + G k ^ + <pG k ^, 

• F k 1, G k i £ y; the function F k ^ is odd and the function G k ^ is even; 

• F k £ and G k ^ are odd polynomials; F k % and G k ^ are even polynomials. 
Moreover, the following hold. 

(a) Let 2 < k < p - 1, £ = 0. If for any 1 < k' < k, 

deg^fc',0 = degAfc/,0 = degSfc^o = deg5 fc / i0 = then F k)0 ,G k)0 ey. 
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(b) Let 1 < k < k andO<£<£ be such that ^ L l +l<2. If for any (k! ,£') -< (k,£), 

deg A k ^ e > = degA k >^ = and degB k < j£l = &egB k ,^ < 1 then F k/ £y. 

(c) Let 

max [deg A k i t i ,deg A kl v ,deg B k i v ,deg B k > A if k > 1, £ > 0, 
d AB {k,£) = < o<e'<e 

k otherwise, 

, p p p , 

max ( V d A B{kj,£j) for V % < fc, V ^ < £ ) ifk>p,£>0, 

k otherwise, 

d FG (k,£) = max(degF fc/ ,degF M ,degG M ,degG fcj £) /or 1 < < F , < ^ < L . 
T/ien, /or all 1 < k < K , < £ < L , 

d F G(k,£) < max(d AB (k-l,£)-l 1 d AB (k-p+l,£),d AB (k,£-l),d^(k,£)). (B.2) 

Proof of LemmaUni Let (/c,f) be such that 1 < k < K and < I < L , with (k,£) / (1,0). 
We suppose that for all 1 < k! < ko, < £ < £q such that (k',£') ~< (k,£), (a k i $ , A k / ^ , B k i ^/) 
satisfies the assumptions of Lemma iB.li We consider F k g, G kj i defined by Proposition 12.11 
(recall that for given (k,£), F k ^ and G k ^ depend only on (a k i $ , A k i ^ ,B k i t g>) for (k',£') -< 
(k, £)). Prom the proof of Proposition 12.11 (Appendix A), 

where Fie, F** , etc. are the contributions of I, II, III and IV in the decomposition of S(t, x), 
see (l2~T3ji . 

- Contribution of I and II. From Lemmas IA.1I and I A. 21 it follows that F* e , F**, G\ e and 
G\ I e belong to y and do not depend on {A k i^i), (B k i^i) but only on the coefficients (a k >/i). 
Moreover, F* e and F** are odd, and G\ g and G l kt are even. Therefore, they only contribute 
to Ffri and G kj £, with the desired parity property. 

- Contribution of III. We use the notation and calculations of the proof of Lemma IA.31 
Note that IIIi does not contribute to F** 1 and G l k l \. Observing the other terms, i.e. III2, 
III3, III3, etc. up to III13, we note that there are three kinds of terms depending on the 
structure of the function of the variable y: 

T\\ Terms depending on A k i^'(y) and B k i^£'(y) without derivative, for (k',£') -< (k,£). A 
complete list of these terms is given in formula (|B.3|) below. 

T2: Terms depending on derivatives of A k i^>{y) and B k i^(y) (up to order 3) for (k',£') -< 
(k,£). Examples of such terms are F*** 4 , G^ 1 * 4 , a part of F** l3 > etc. 

T 3 : Terms depending on {QT~ X A w (y) and {Q p ~ l B k , j,)' (y) for (k',£') ~< (k,£). Examples 
of such terms are a part of F** Ia , G* 1 * 3 , etc. 
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p III 4 _ pIH4 , pIII 4 , f0 pIH 4 w L OTO 



Terms of type T3 are easily handled. Indeed, since Ay g> and By gi are of the form (|B.1|) 
and since Q G J, it follows that {Q p ~ 1 Ay e ) > and {Q p ~ l B k , j,)' belong to 3>. Therefore, this 
kind of terms only contribute to F kj g and G kj g. The parity statement for these terms was 
already checked in the proof of Lemma IA.31 

We now handle terms of type It suffices to remark that when differentiating terms 
such as Ay £i and By g/ of the form (|B,ip . we obtain terms of the same form, except that 
the degrees of the polynomial functions decrease by one or more depending on the order of 
derivation. Indeed, for example, it follows from (|B. lj) that: 

A 'y,£' = ( A k',e> + v'Ak',z>) + A!y,v + v\<,i<-> 
and Ay g, + iff Ay a G 3^, because of the property iff G y. Thus, for example, we get: 

+ i 

deg-F* 1 / 4 < max (degl fe /^) - 1 < max(d AB (k-l,£),d AB (k,£-l)) - 1, 
(k' ,t')~((k,£) 

degF™ 4 < ( max (deg Ay^) - 1 < m&x(d AB (k-l, £), d AB (k, £-1))) - 1, 

if max(dAB(fc-l,^),dAB(fc,^-l))) > 1, and F™ 4 = F™ 4 = otherwise. 

We obtain similar estimates for all terms of this type. The parity properties are easily 
checked. For terms of type T2 with higher order derivatives (in fact, only second and third 
derivative), the argument is the same. 

Finally, we look at terms of type Ti, i.e. depending on Ay gi and By g without derivative: 

/"(HIlO /"lUI-lO pllljj pIII^j plllfg pIII 4 3 piling „N 

With the assumptions on Ay g> and By #, these terms have the desired structure. We only 
have to check the estimates on the degrees of the polynomials. 

First, we note from the proof of Lemma lA.3l that terms G™ 2 , G* 1 * 10 , Fug 11 , F,* 11 , F k » 13 , 
in 4 

F k£ 13 depend only on Ay t gi and with k' < k and I < ^ — 1. Thus, they appear only 

for £ > 1 and contain polynomials with degrees less than or equal to d A s{k,£ — 1). The 
in 2 iii^ 

other two terms G k f 10 and F, * 13 depend on Ay % g> and By^gj with k 1 < k — p + 1 and £ < £. 
Thus they appear only for k > p, and contain polynomials with degrees less than or equal to 
d AB (k-p + l,£). 

Thus, in conclusion for the term III, we get polynomials of degrees less than 

max(d AB (k-l,£)-l,d AB (k-p+ l,£),d AB (k,£-l)) . 

This proves (c) for dpQ . 

Let us now prove (a) and (b) for F k l f and G l k l \. 

Proof of (a). First, observe that terms of type T\ (see above) do not appear for k < p — 1 
and £ = 0. Thus, for such k, if we assume Ay q = Ay $ = B k i$ = and B k i$ = by q G R then 
A'y, = A' klfi = B> k , fi = B' k , fi = for all 1 <k> < k, and so = F$ = Gfj = Gf} = 0, 
which means F^^G^j G y. This proves (a) for F^j and G l k l \. 

Proof of (b). To justify (b) for F k ^, we first observe that for (k,£) such that + £ < 2, 
there is no term of type T\ contributing to FVf. Indeed, looking at the expression of all the 
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terms in the list (|B.3[) in the proof of Proposition [27fl we see that F^f 11 , F^ 11 , F™ 13 , F*** 13 , 
in 5 

F k p 13 involves By^i for k < k — 2(p — 1) or c < t — 2 or simultaneously k < fc — (p — 1) 
and £? < £ — 1. Therefore, these terms do not appear if + £ < 2. Concerning terms of 
type T%, we first note that By g/ appear with at least two derivatives, thus any polynomial 
function of degree 1 disappears. Second, Ay^i a re differentiated at least once, and so again 
any constant term disappears. Thus, there remains no polynomial growth and F, } 6 y for 
such k, i. 

- Contribution of IV. We focus on the case p = 4. The other cases, i.e. p = 2 or 3 are 
similar and easier. We use the notation and calculations of the proof of Lemma lA. 41 where 
we have written IV = d x (N), N = (R + R c + W) 4 - (R + i? c ) 4 - 4R 3 W, and where we have 
decomposed N into several parts Ni, . . . ,Ng. Here, we distinguish two kind of terms: first 
Ni, N2, N4, N5, N7, which contain the function Q(y), and second, N3, Ng, Ns, Ng, which 
depend only on Q c and W. 

For the first terms, Ni, N2, N4, N5 and N7, since Q £ y, by the structure of W, and 
the assumptions on Ay g< and By gi, the result follows. 

For N3, Ng, Ng and Ng, we set 

M = N 3 + N 6 + N 8 + Ng = (Q c + Wf - Qi 

In order to have a simple expression when expanding (Q c + W) 4 -, it is convenient to set 

Ai )0 = 1 + A lfi , A k/ = A k/ , for any (k,£) / (1,0), B k/ = B k/ , for any (k,£). 

degA M = degA kj g, degB M = degB k/ . (B.4) 
With this notation, we have Q c +W = £ (M)eSo ° l (<2c (2/c)A M (y) + (Q k )' (y c )B k/ (y)) . Then, 

(Qc + Wf= c e ^ +i ^4Q k c ^ +k ^(y c ) (A klA A k2> g 2 A k3 , la A k4M )(y) 

j=l,2,3,4 

+ 4((Q^)'Q^ +/£3+fe4 )(y c ) (B felA A fc2/2 A fc3/3 A fe4A )(y) 

+ 6((Q^)'(Q^)'Q^)(y c ) (B Wl B fe2i<2 A fe3 , 4 A W4 )(y) (B.5) 

+ 4((Q^) / (Q^) / (Q 6 fc3 ) / ^)(y c ) (B fcl>ll B fc2 ^B fe3>4 A fe4A )(y) 

+ ((Qc 1 ) , (Qc 2 )'(Qc 3 ) , (Qc 2 ) , )(yc) (B fclA B fc2/2 B fc3/3 B fc4/4 )(y)|. 
Recall that by Lemma 12.14 we have 

Wc J — fc 1+ jfc 2+ fe 3+ jfc 4 Wc ) > 

(Q k c )'{Q k c)'Q k c +ki = hk 2 ( C Q k c 1+k2+k3+ki - -2-Qki+k2+k 3 +k 4+ 3 

fay 1 n k 2\' ( n fc 3V n k 4 



(Q?y(Q?y(Qc 3 yQc 4 = hk2k 3 



p+l 



h+k 2 +k 3 +k 4 (p + l)(k 1 +k 2 +k 3 +k A +3) / ' 
{Q kl )'{Q k2 )'(Q k3 )'(Q kA )' = hk 2 k 3 hQ k ^ +k ^ (c 2 - ^-Ql + j^Qt) ■ 
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Therefore, we can write: 



M = E c " \Q k MF^{y) + (Q k c )'(yc)G$(y)) , (B.6) 

4<fc<4fc +6 

o<e<4e +2 

where at given k > 4, £ > 0, contains only terms of the type 

Afc li £ 1 A fc2 ^ 2 A fc3i £ 3 A fc4i £ 4 , B kli £ 1 'B k2> £ 2 A k3j £ 3 A k4 ^ 4 , B fcl ^ 1 B fc2 ^ 2 Bfe 3 ^ 3 B s , 4 ^ 4 , (B.7) 
for Y2j=i kj < an d 5Zj=i 4? — ^' an d contains only terms of the type 

B/ti/i Afc 2 ^ 2 Afe 3 ^ 3 Afe 4 ^ 4 , B fcl ^ 1 B fe ^ 2 Bj fc3 ^ 3 A fe4 ^ 4 , (B.8) 

for 5Zj=i % - ^ anci Sj=i - ^ 

Therefore, we only have to check the structure of the functions in (|B.7h and (|B.8j) . We 
check the first term A kl £ x A k2 £ 2 A ka £ 3 A k4 £ 4 , the other terms can be checked similarly. 

Recall that A^^ = A^ + A kj ^ + ipA^^, where A kj ^ G 3^, and A fcji ^. and A fc 
are polynomials. In the product A kl ^ x A k2 ^ 2 A k3 ^ z A k4) £ 4 , any term in factor to some A k . 
is automatically in y. The other terms are: 



3^3 
3 < c 3 



(■^■ki,h + t P-^-ki,ii)(-^-k 2 ,t2 + A2,fc)( A ic3,<3 + ^ A teA)( A fc4A + <fA k4i £ 4 ). 
In this product we distinguish two kinds of terms: 

• Ii A j=l A kj/j , A kl/l A k2/2 (ip 2 A ki)h A k4) i 4 ) (and similar terms), ip A U^ =1 A kj/j . Since 1 - 

if 2 , 1 — ip 4 6 ^y, these terms are of the form F + F, where F G 3^ is even and F is an 
even polynomial of degree less than or equal to d^(k,£). 

• I^ =1 A kji £.(ipA k4j e 4 ), A kuil ((p 3 1l1j =2 A k:jj £.) (and similar terms). Since ip 3 -ip ey, these 

terms are of the form F + (fF, where F £ y and F is a polynomial function of degree 
are less than dj<f(k,£). 

In conclusion, we obtain 

-=M -^M ^, -=;M . . -^M . . . 

• b k £, G k £ £ y; b k £ is even and G k £ is odd; 

• F™ and Gjfg are even polynomials; F™ and Gj^ are odd polynomials, satisfying 

df G (k, £) = max(deg deg deg G$, deg G$), < d N (&, (B.9) 

The last step for IV is to use formulas (|A.20p and (|A.2ip to derive the properties of F™ 
and G k £ from the properties of F^ and G^ e . We note that F™ involves some G^, £, and 
(F^,)'for k' < k and £' < £ and G\ v e involves some (G£^,)' and for k' < k and V < I 
Thus IV contains polynomials with degrees less than d]<s(k,£), and the parity properties are 
satisfied, which proves (c) for d 1 ^. 

Let us now prove (a) and (b) for F™ and G kt . 
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Proof of (a). Note that from p3|) - (jR6]) . for any 1 < k < p - 1 = 3, = Gj* = 0. 
Thus, F fc N , G£ G y for such k. From ^KTM and (COll it follows that Fg, G*V g -y' for aU 
1 < A; < p — 1. This proves (a) for term IV. 

Proof of (b). To prove (b) for -F/Tjf, we need to give a closer look to (1A.20P and (|A,21j) , 
Note that contains only terms of the type G^ i _ l , G^_ 3e and (F^)'. For (k,£) such that 
| + 1 < 2, this provides terms G^^, for ^ + £ < 1. Since fc' > 1, this condition implies £ = 
and A/ < 3 = p - 1. But, we know from (lRl^ HlB~6l) that Gj^, = for such (k',£'). Next, 
by (|B.5p . Ftf-y = for 1 < k' < 3. Moreover, contains only product of A^.^ for k' < 6. 
Indeed, if we look for example at a term of the form (Q^y(Q^yQ^Q^B lfi B2,oA 3fi A 4fi , by 
the formula of (Q 2 )' , it gives a contribution only for Fy^i, where k' > 7 or £/ > 4 and £ > 1. 

Thus, by the assumptions on ^4/^0, -F^ contains only constant polynomial functions and 
so its derivative is in y. 



C Appendix — Identities related to Q 

Claim C.l (Identities for any p > 1) 

J <2c = <= 2 ' / e' 2 , E(<3=) = = -^-^^ | Q 2 . 

Proof of Lemma I C. il These are well-known calculations. We have Q p = Q — Q" and 
^Q p+1 = Q 2 - {Q'f. Thus, by integration: 

/ q p+i =Jq 2 +J (q') 2 , ^ / q p+i =Jq 2 -J (Q') 2 - 

Therefore, / Q p+1 = %0 J Q 2 and f(Q') 2 = J Q p+1 -JQ 2 = P ^JQ 2 . Moreover, E(Q) = 

Since Q c (y) = cp~ 1 Q{y/cy) and q = - |, we have 

j Q\{y)dy = j Q 2 {V~cy)dy = c 2 « J Q 2 . 
Similary, J{Q' C ) 2 = c 2 « +1 J{Q') 2 and / Q p c +1 = c 2 <? +1 / <2 P+1 , and so E(Q C ) = c 2 ^ +1 E{Q). 



D Appendix — Proof of some technical results 
D.l Proof of Claim S21 

The proof is based on the following well-known fact: There exists Ai > such that if v £ 
i? 1 (IR) satisfies j Qv = j xQv = 0, then 

J v 2 x - pQ^v 2 + v 2 > Ai IMI^i. (D.l) 
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First, we claim from (|D.1|) that if v G H (R) satisfies J xQf = 0, then 



/ 



v 2 ,. 



1 < " ^ 2 



pQP-V +i^>Ao||i;||Hi-p ( / 5Q) . (D.2 



z 2 



Set v = Then / Qv = f xQv = and from (fDljl . / i> 2 -K? p ~ V + > AiH^I 2 ^. 

Moreover, > - £Q) 2 and / u 2 - pQ v ~ x v 2 + v 2 < j v 2 - pQ p ^ 1 v 2 + v 2 + 

K(fvQ) 2 . Thus CE1 follows. 

Second, we recall 

= 5 / ((^) 2 + (i + «'(y c ))^ 2 )) - y ((« + - - (p + iK*) . 

Since |a'(s)| < Kc^ 11 , - Q||z°° < Kcp^ 1 , and < 2K*c e , we have from (|D.2I) and 

/ zQ' = 0, for c small enough, 

Ht) >\j {(d x z) 2 + z 2 - P QP- 1 z 2 ) - K{cT* + K*c d ) j 
D.2 Proof of Proposition 15.11 

1. For given < c < 1, x\, X2 £ R, the existence of a solution satisfying (|5.ip is a 
consequence of Theorem 1 in |19j . Therefore, we only have to check (|5.2p . for c small, which 
is a more precise estimate than the one in |19| . giving explicitely the dependency in c. This 
is obtained by combining the argument of the proof in [19] and estimates depending on c in 
the proof of Proposition 14.21 of the present paper. 

We work on the time interval (— oo, —T c ], for — T c = ^ — |§. Let R(t, x) = Q(x — t — 
x\) + Q c (x — ct — X2). In the spirit of Proposition 3 in [19], we first claim the following. 

Proposition D.l For c > small enough, if there exists t* < —T c such that Vi < t* , 
\\u{t) - R{t\\ H i < exp(-c-f) then Vt < t* , \\u{t) - R(t\\ m < ((i-«0*-0w-*i)) _ 

Assume Proposition lD.il Since limt_*_oo \\u(t) — R(t)\\ H i = 0, we can define 
t* = sup |f < -f c such that Vs < f, \\u(s) - R{s)\\ H i < exp(-c" r )| . 

Since Koe^ L (~ ( - 1 ~ c ^ c ~ ( - X2 ~ Xl ^ < Kqc^ Tc < ^exp(— c~ r ), for c small enough, by a standard 
continuity argument in H , we have t* = —T c , and thus the result follows from Proposition 
ID. II applied on (—00, —T c ]. Therefore, we are reduced to prove Proposition lD.il 

Sketch of the proof of Proposition \D.ll For more details, we refer to the proof of Proposition 
3 in [19]. We decompose the solution u(t) on (— 00, t*] by Lemma [4.3( with a = and 
pi(t) — p2(t) < — I — |f. Note that here the two solitons are ordered in a different way, 
P2(t) > pi(t), where p\{t) is center of Q and P2if) is center of Q c . 

Then, by [23], we have \c\(t) - 1| + |c 2 (i) - c| < Kg(t) + K exp(^((l - c)t - (x 2 -a?i))), 
where is defined as in (I4.34|) . 
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Next, similarly as in [25], we use a monotonicity argument, but since the solitons are 
ordered in reverse order, we will need the following quantities: 

M{t) = j u 2 (t, x)ip(x - m(t))dx, £(t) = J {^u 2 x - -p^u p+1 + j^u 2 ^J ip(x - m(t))dx, 

where m(t) = \(pi(t) + p^.{t)). Similarly as in Lemma 1 of [19], we obtain, for t' < t < t*, 
M(t)-M(t') < Kexp(l({l-c)t-(x 2 -x 1 ))), £(t)-£(t') < Kexp(\((l-c)t- (x 2 -a*))). 
We set 

Ht) = \ju 2 {t) + E(u{t)) + (i - i) M(t) + - 1) J (\ul - ^u p+1 ) i>(x - m(t)) 
= \J u 2 (t) + E(u(t)) + (£ - l) £(t) + \ Q - 1) (1 - ^(i + 1))M(*). 

By the monotonicity results on M and £ , we have for all t' < t <t* , 

- ^(0 < iTexp(i((l - c)t - (x 2 - xi))), 

and using an expansion of J-{t) from (|4.33p . and passing to the limit t' — * — oo, we obtain the 
conclusion of Proposition ID. 11 

2. Sharper uniqueness property. 

First, we check that for c small enough, if the solution u(t) satisfies (|5.3p then for —t large, 
pi(t) — P2{t) < — j\t\. This is a consequence of the asymptotic stability of one soliton. Indeed, 
if c is small enough, then for —t large, u(t) = Q(x— x\)+e{t, x), ande(t) small in H . Then, by 
stability and asymptotic stability of the soliton (see !4.35|) . there exists A such that |A — 1| < \ 
and pit) with |i < p(t) < ~ for —t large such that \\u(t) — Q\(x — p(t))\\H^(x<t/io) ^ as 
t -> -oo. Thus, \\Q(x - pi(t)) + Q c {x - p 2 (t)) - Q\(x - p(t))\\m(x<t/io) -> as t -> -oo. 
This clearly implies that A = 1 and P2(t) > t/10 for —t large, and thus pi(t) — P2(t) < t/4. 

Using pi(t) — p2(t) < — h\t\, as before by monotonicity arguments, we have \\u(t) — Q(x — 
pi(t)) — Q c (x — p2(t)\\ffi < K exp(g((l — c)t — (x 2 — x\))) for —t large. Therefore, for this 
solution u(t), we obtain 

\p[(t) - 1| + \p' 2 (t) -c\< Kexp(|((l - c)t - (x 2 - xi))), 

which proves the convergence of pi(t) — t and P2(t) — ct as t — > — oo. Thus, there exist xi, x 2 
such that (|5.3p holds. We now apply the uniqueness result of [19] to conclude. 

D.3 Proofs of (I02]) - (IP3T) 

Proof of (I5.42p . Consider the decomposition of u(t, x) introduced in the proof of Proposition 
HZD i.e. u(i,x) = u(i,x - ^(t)) + z(t,x - p(t)), u(f) and S(t) = d t v + d x (d 2 v - v + v p ) 
satisfy the assumptions of Proposition 14.11 Recall that z{t) satisfies equation (|4.13p . and 
su P[o,T c ] — Kc e , where 6 is to be fixed large (for 6 > |). 

First, we check that 

f x 2 z 2 (T c ,x + ±A)dx < Kc 29 (D.3) 

Jx>0 
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implies the result. By the explicit expression of v(t,x) in (|4.ip . the decay properties of Q 
and Q c , and ||a||z,°o < Kc"6, (a is defined in Section 4.1) we have the following pointwise 
estimates: 

Vt€[0, |T C ], Vx>±T c , \v(t,x)\ + \v x (t,x)\ + \S(t,x)\ < Kexpi-c-^e'^^, (D.4) 

We [|T C ,T C ], Vx> ±A, |t;(i,x)| + Mt,x)| + |S(i,x)| < ^(e-^-^) + exp(-c- r )e-^). 

(D.5) 

By u 2 (T c ,x) < 2(« 2 (T c ,x - p(T c )) + 2 2 (T c ,x - p(T c ))), \p(T c ) - T c \ < 1, and <UIU> at 
t = T c , we have 

/ xV(T c ,x + T c + ±A)dx 

A>i||lnc| 

<#/ x 2 e-§ x dx + exp(-i C - r ) + / (x + l) 2 z 2 (T c ,x + ±A- l)dx 

Vx>ii|lnc| Jx>0 

< Kcl + / x 2 z 2 (T c , x + i A)dx. 



Second, we prove (ID. 31) . which will finish the proof of (|5.42p . This is proved by mono- 
tonicity arguments on z(t). For xq > 0, t G [0, T c ], let is defined in (I4.32|) ) 

•M- Z (t) = J z 2 (t,x)ip(x z )dx, where x z = x — \{T C — t) — ^A — xq. 

Using (|4.13p . we have by direct calculations 

jM z {t) = -3 J z^'(x z ) + J z^"'(x z ) -\J z 2 ^{x z ) - (p\t) - 1) J (x 2 ) 

+ J((z + v) 4 -v 4 - z 4 )(zij'(x z ) + z x ^(x z )) + z 5 ^'(x z ) + (p' - 1) j v x z^(x z ). 

By (l4~32l) . 11^(^)11^1 < Kc e small, and then (|4"XT) . we obtaiin 

4A<*(t) < K(su P (||z(0Hi 2 + \\S(t)\\h)(\W(xz)h™ + K^(x*)IU~ + \M(xz)\\v). 

dt [0,T C ] 

Therefore, by the properties of ip and ()D.4|) - (|D.5p . we obtain 

j t M z {t) < ^exp(- C - r )e-^-o +Kc 2e e -i( X0 +i(T c -t))_ 

Thus, by integating in t € [0, T c ], we obtain for all xo > 0, f x>x z 2 (T c ,x + |A)cfe < 
K exp(-c- r )e-^° + Kc 2e e-^ X0 . Thus f x>Q x 2 z 2 (T c , x + |A)dz < ifc 2e and (lD~3l) follows. 
Proo/ of ([533]). From (|538l) . |p(T c ) - T c \ < Kc 2 and \\v\\ H 2 < K, we have 

\\u(t c )-v(t c ,.-t c )\\ h1 <Kc 2 . 

By (j3"^ - (|Q]) . we have 

\\v(T c ) - Q(. - 4) - Q c (. + (1 - c)T c - A c /2))||fli < Kcii, 
and thus by the decomposition of u(T c ), and (|5.16p . we deduce (I5.43|) . 
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